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Abstract. We study Berezin-Toeplitz quantization on Kahler manifolds. We explain first 
how to compute various associated asymptotic expansions, then we compute explicitly 
the first terms of the expansion of the kernel of the Berezin-Toeplitz operators, and of the 
composition of two Berezin-Toeplitz operators. As an application, we estimate the norm 
of Donaldson's Q-operator. 



0. Introduction 

Berezin-Toeplitz operators are important in geometric quantization and the properties 
of their kernels turn out to be deeply related to various problems in Kahler geometry 
(see e.g. lfT6l,[T7lD . In this paper, we will study the precise asymptotic expansion of these 
kernels. We refer the reader to the book ||24fl for a comprehensive study of the Bergman 
kernel, Berezin-Toeplitz quantization and its applications. See also the survey [1231 . 

The setting of Berezin-Toeplitz quantization on Kahler manifolds is the following. Let 
(X, u, J) be a compact Kahler manifold of dim c X = n with Kahler form u and complex 
structure J. Let (L, h L ) be a holomorphic Hermitian line bundle on X, and let (E, h B ) be 
a holomorphic Hermitian vector bundle on X. Let V L , V s be the holomorphic Hermitian 
connections on (L, h L ), (E, h E ) with curvatures R L = (V L ) 2 , R E = (V s ) 2 , respectively. 
We assume that (L, h L , V L ) is a prequantum line bundle, i.e., 



(o.i) u = V^ L - 

Z7T 

Let g TX (-, •) := u(-, J-) be the Riemannian metric on TX induced by u and J. The 
Riemannian volume form dv x of (X, g TX ) has the form dv x = ui n /n\. The L 2 -Hermitian 
product on the space < ^ , °°(X, W ® E) of smooth sections of L p ® E on X, with W := L® p , 
is given by 

(0.2) ( Su s 2 )= (s u s 2 )(x) dv x (x) , 

We denote the corresponding norm by ||-|| L a and by L 2 (X, LP ® E) the completion of 
LP ® E) with respect to this norm. 
Given a continuous smoothing linear operator K : L 2 (X, LP®E) — > L 2 (X, LP®E), the 
Schwartz kernel theorem [f24l Th. B.2.7] guarantees the existence of an integral kernel 
with respect to dv x , denoted by K(x, x') € (L p ® E) x ® (LP ® E)* x ,, for x, x' G X, i.e., 

(0.3) (KS)(x)= I K(x,x')S(x')dv x (x'), S e L 2 (X, LP ® E) . 
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Consider now the space H°(X, LP ® E) of holomorphic sections of LP ® E on X and let 
P p : L 2 (X, LP ® E) —> H°(X, LP ® E) be the orthogonal (Bergman) projection. Its kernel 
P p (x, x 1 ) with respect to dv x (x') is smooth; it is called the Bergman kernel. The Berezin- 
Toeplitz quantization of a section / £ e ^'°°(X, End(-E)) is the Berezin-Toeplitz operator 
{^V,p}peN which is a sequence of linear operators T/ ;J , defined by 

(0.4) T f>p : L 2 (X, L P ®E)~^ L 2 {X, L p ® E) , T fiP = P p f P p . 

The kernel Tf iP (x,x') ofT fiP with respect to dv x (x') is also smooth. Since End(L) = C, 
we have T ftP (x, x) e End(£^) x for x <E X. 

We introduce now the relevant geometric objects used in Theorems 10.11 10.21 and 10.31 
Let T^'^X be the holomorphic tangent bundle on X, and T*^'°^X its dual bundle. Let 
V TX be the Levi-Civita connection on (X, g TX ). We denote by R TX = (V TX ) 2 the curva- 
ture, by Ric the Ricci curvature and by r the scalar curvature of V TX (cf. A3. 3D ). 

We still denote by V E the connection on End(i?) induced by V s . Consider the (pos- 
itive) Laplacian A acting on the functions on (X, g TX ) and the Bochner Laplacian A E 
on ^°°(X, E) and on ^°°(X, End(#)). Let {e k } be a (local) orthonormal frame of 
{TX,g TX ). Then 

Let £} 9,r (X, End(E)) be the space of (q, r)-forms on X with values in End(i£), and let 
(0.6) V 1 - : Q 9 '*(X, End(£)) -> ft 9+1 '*(X, End(£)) 

be the (1, 0) -component of the connection V s . Let (V s )*, V 1,0 *,^* be the adjoints 
of V s , V 1,0 ,<9 S , respectively. Let D 1,0 , D 0,1 be the (1,0) and (0,1) components of the 
connection V T * X : ^°°(X, T*X) ^°°{X, T*X ® T*X) induced by V TX . 
In the following, we denote by 

(• , •)„ : Q*'*{X, End(#)) x Q*'*(X, End(S)) -> tf°°(X, End(E)) 

the C-bilinear pairing (a ® /, (3 ® g) w = (a, (3)f ■ g, for forms a, p e Q*'*(X) and sections 
/, g e tf°°(X, End(£)) (cf. (10TT41) , (10161) . (lOTiTD ). Put 

(0.7) R e = (r e ,uj 

Let Ric w = Ric(7-, •) be the (1, l)-form associated to Ric. Set 

| Ric„ | 2 = Y. RM*. e 3 f , |f?™ | 2 = £ E<^ TX ( e *. e i) e *> e /) 2 . 

i<j i<j k<l 



and let 



(0.8) 



b 2C = - — + — \R TX \ 2 - —I Ric w I 2 + — r 2 , 
48 96 1 1 24 1 1 128 ' 

b 2E =^ (irRf - 4(Ric w , R E ) U + A s i?f) 

r ^/^T_„ _ 1 .. 
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We use now the notation from (13.61) . By our convention (cf. (13.5D ). we have at x G X, 
(oi m dz t Adz m ,p k qdz k Adz q ) = -^a m p m j , (a^ dz m ®dz q , fi ke dz k ®dz^ = Aa^ q ^ mq 
(note that \dz q \ 2 = 2). Then by Lemma EH (T5T3T) and Cf5~4l) . we have at x € xfl 

y^lRf = 2R kk , h = — (R k kmrn + ^mm) » 

_ Ar 1 _ 2 _ _ 1 

(0.9) "2C — — "^g" + QRklmqRikqm ~ ^^ilmq^kkqm + l^^Uqq^kkrnrn ' 

L r>E p _ _ nB p _ I f p-B pB _ pB pB A 

" 2E — ^-qq^kkmm ri mq rL kkqm 1" g ^^■"'mm ri mq rL qm J 

+ - [-B?x - + 3R E t u-) ■ 

Q \ kk ; mm mfc ; fcm / 

We say that a sequence 9 P G < ^°°(X, End(-S)) has an asymptotic expansion of the form 

oo 

(0.10) e p (x) = ]T A r {x)p n - r + G{ V °° ) , A r G ^°°(X, End(S)) , 

if for any A;, I € N, there exists C fc)i > such that for any p G N*, we have 



(0.11) 



k 

^C ktl p 



e p (x) - A r (x) P n - 

r=0 

where | • |«-jpn is the ^-norm on X. 

Theorem 0.1. For any f G ^°°{X, End(S)), we have 

oo 

(0.12) T ftP (x, x) = Y, b r j(x)P n - r + 0{v-°°) , b rJ G ^°°(X, End(S)) 

Moreover; 

(0.13) 60,,=/, b 1J = ^f + ^(RZf + fR*)-±-A*f. 

Iff G ^(X), t/ien 



(0 14) ^ = 7r2&2/ + ^ ~ ^ rA/ ~ * ^ RiC " ^ + 24^^ / ' VEREk 

1 / - - — i nx _n\ 1 /— . — E* „ei\ 1 , » „a „K . 1 / „— ,. „g 



1 The Bianchi identity reads [V E ,R E ] = 0. Take the derivative of [V s , R E ](-f-, = 0, and 



use (EH, (EM, (E3TD to obtain [£, ^] = -£<*(£, + ^(|^| 2 ), = ^(|£| 2 ). We 

conclude that 



13B t}E 

R mk;km- R kk;mW 



The term \ l-R E - _ + 3R E - _) in Q0.9D can be thus replaced by \R E - _. Equivalently by using 

4 \ kk ; mm mk ; km ) ^ fcfc ; mm 

(1531) . one can replace + ^A s i?f + ±d E *V 1 '°*R E in ([Oil) by -^A s fif . 
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Theorem 0.2. For any f,g £ e ^" x> (X, End(i?)), the kernel of the composition T ftP oT gtP has 
an asymptotic expansion on the diagonal 



(0.15) (T i>p o Tg>p )(x,x) = Y,b rJ>g (x)p"- r + 0(p~°°) , br,,,,£V"{X,1SDd{B)), 
in the sense of (10. 1 ID . Moreover, &o,/,g = fd and 
me) Kf, g =lrf 9+ ^(Rlf 9 + f 9 Rf) 

Iff,getf°°{X),then 

If 1 \ 1 



b 2 , f , g = f b 2 , g + g b 2J -fgb 2 + —{--{df, dAg) - -( dAf, dg) 
(0.17) s 

+ -(5/, ap)^ - i( 5/ A i?^)^ + ^A/ • Ap + \{D^df, D^dg)}. 

The existence of the expansions (I0.12D and (I0.15D and the formulas for the leading 
terms hold in fact in the symplectic setting and are consequences of 11271 Lemma 4.6 and 
(4.79)] or [24, Lemma 7.2.4 and (7.4.6)] (cf. Lemma[2j2J). The novel point of Theorems 
10.11 10.21 is the calculation of the coefficients bxj, b 2 j, &i,/, s and &2,/, s • Note that the 
precise formula bij for a function / £ ^^(X) was already given in If2"4l Problem 7.2]. 
In Theorem 15. 11 we find a general formula of b 2 j for any / £ ( ^" X> (X, End(E)). 

If / = 1, then T ftP = P p , and the existence of the expansion (10.121) and the form of 
the leading term was proved by [1301 . 1161 . 11331 . The terms b x , b 2 were computed by Lu 
112211 (for E = C, the trivial line bundle with trivial metric), X. Wang fl32[], L. Wang B5T1I . 
in various degree of generality. The method of these authors is to construct appropriate 
peak sections as in If3~0l . using Hormander's L 2 5-method. In []8l §5.1], Dai-Liu-Ma 
computed b x by using the heat kernel, and in Q25l §2], [[261 §2] (cf. also Q24l §4.1.8, 
§8.3.4]), we computed 6 X in the symplectic case. 

The expansion of the Bergman kernel P p (x,x) on the diagonal, for E = C, was re- 
derived by Douglas and Klevtsov [11] by using path integral and perturbation theory 
They give physics interpretations in terms of supersymmetric quantum mechanics, the 
quantum Hall effect and black holes (cf. also ITT21P . 

An interesting consequence of Theorem l0.2l is the following precise computation of the 
expansion of the composition of two Berezin-Toeplitz operators. 

Theorem 0.3. Let f,g £ End(E)). The product of the Toeplitz operators T f)P and 

T 9tP is a Toeplitz operator, more precisely, it admits the asymptotic expansion 

oo 

(0-18) T f>p o T g , p = J2p- r T Cr(ftglp + 0(p-°°), 



r=0 



where C r are hidifferential operators, in the sense that for any k ^ 0, there exists c k > 
with 



(0.19) 



r i,P oT 9,P ~J2p lT Cr(f,g), P 
1=0 



~ m k — 1 
^ CkP , 
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where \\-\\ denotes the operator norm on the space of bounded operators. We have 



(°-2D C 2 (f, g) = J-( J D 1 .°a/, D°' l dg) + ^<Ric„, df A dg) - -±-(df A dg, R E ) 



The existence of the expansion (I0.18D is a special case of [27, Th. 1.1] (cf. also 11241 
Th. 7.4.1, 8.1.10]), where we found a symplectic version in which the Toeplitz operators 
(10.4D are constructed by using the projection to the kernel of the Dirac operator. Note 
that the precise values of b 2 are not used to derive (10.21D (cf. Section 15. 3D . 

The existence of the expansion (10.18D for E = C was first established by Bordemann, 
Meinrenken and Schlichenmaier 1131 , Schlichenmaier [29] (cf. also [[19]]) using the theory 
of Toeplitz structures by Boutet de Monvel and Guillemin [4]. Charles 0] calculated 
Ci(f,g) for E = C. The asymptotic expansion (10.18D with a twisting bundle E was 
derived by Hawkins [fl8l Lemma 4.1] up to order one (i.e., Q0.19D for k = 0). 

Also, there is related work of Englis Ifl3l [T4l dealing with expressing asymptotic ex- 
pansions of Bergman kernel and coefficients of the Berezin-Toeplitz expansion (10.18D in 
terms of the metric. Englis [TT4l Cor. 15] computed Ci(f,g) and C 2 (f,g) for a smoothly 
bounded pseudoconvex domain X = {z G C" : ip(z) > 0}, where tp is a defining function 
such that — log cp is strictly plurisubharmonic, and for the trivial line bundle L = C over 
X, equipped with the nontrivial metric h L = cp of positive curvature. 

Note that we work throughout the paper with a non-trivial twisting bundle E. More- 
over, we have shown in H27l §5-6] (cf. also l|24l §7.5]) that Berezin-Toeplitz quantization 
holds for complete Kahler manifolds and orbifolds endowed with a prequantum line bun- 
dle. The calculations of the coefficients in the present paper being local in nature, they 
hold also for the above cases. 

For some applications of the results of this paper to Kahler geometry see the paper 
I1T711 by Fine. 

We close the introduction with some remarks about the Berezin-Toeplitz star-product. 
Following the ground-breaking work of Berezin Iffll . one can define a star-product by us- 
ing Toeplitz operators. Note that formal star-products are known to exist on symplectic 
manifolds by []9l [15ll . The Berezin-Toeplitz star-product gives a very concrete and geo- 
metric realization of such product. For general symplectic manifolds this was realized 
in |[2~4l [27l1 by using Toeplitz operators obtained by projecting on the kernel of the Dirac 
operator. 

Consider now a compact Kahler manifold (X, u) and a prequantum line bundle L. 
For every /, g e ^ , °°(X) one defines the Berezin-Toeplitz star-product (cf. [[191 [291 and 
11241 [27H for the symplectic case) by 



(0.20) 



C (f,g) =fg, 

Ci{f,g) = - ^(V 1 - /,^). G V°°(X,End(E)), 



C 2 {f,g) - b 2Jt9 - b 2Jg - b 1>Cl (f,g). 



Iff,getf°°{X),then 



oo 



(0.22) 



f *g :=Y,C k (f,g)h k £tf°°(X)[[h]]. 



k=0 
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This star-product is associative. Moreover, for f,g G we have (cf. 11241 (7.4.3)], 

11271 (4.89)]) 

(0.23) C (f,g) = fg = C (g,f) , C^g) - C^gJ) = V^l{f,g}, 

where {/, g} is the Poisson bracket associated to 2-kui. Therefore 

(0.24) [T ftP , T B , P ] = T {fi9hp + 0(p- 2 ) , p -> oo. 

Consider a twisting holomorphic Hermitian vector bundle E and /, g G End(E)) 
as in Theorem 10.31 This corresponds to matrix-valued Berezin-Toeplitz quantization, 
which models a quantum system with r = rankS degrees of freedom. By (10.18D . this 
Berezin-Toeplitz quantization has the expected semi-classical behaviour. Moreover, by 
11241 Th. 7.4.2], |EZL Th. 4.19] we have 

(0.25) SS,II t /.pII = Wf\L ■= sup \f(x)(u)\ hE /\u\ hE . 

Corollary 0.4. Let f,ge tf°°(X, End(E)). Set 

oo 

(0.26) f*9--=T, C *(f>9)ti > G tf°°(X,End(E))[[h}}. 

fc=0 

where C r (f,g) are determined by (I0.18D . Then (I0.26D defines an associative star-product 
on ^°°(X, End(E)). Set moreover 

(0.27) {{/, g}} := (( V 1 ^, d B f) u - (V 1 - /, d E g) u ) . 

If fg = gf on X we have 

(0.28) [T f , P ,T,, r ] = ^T {{Lg}hp + 0(p- 2 ) , p -> oo. 

The associativity of the star-product (10.261) follows immediately from the associativity 
rule for the composition of Toeplitz operators, (Tf iP o T 3tP ) o T fciP = Ty )P o (T S(P o Tfc iP ) for 
any f,g,k G < ^ 00 (X, End(E)), and from the asymptotic expansion (10.18D applied to both 
sides of the latter equality. 

Due to the fact that {{/, g}} = {/, g} if E is trivial and comparing (10241) to (10281) . one 
can regard {{/, g}} defined in (I0.27D as a non-commutative Poisson bracket. 

Remark 0.5. Throughout the paper we suppose that g TX (u,v) = u(u, Jv). The results 
presented so far still hold for a general non-Kahler J-invariant Riemannian metric g TX . 
To explain this point we follow fl2~4l §4.1.9]. 

Let us denote the metric associated to u by g^ x := J-). We identify the 2-form 
R L with the Hermitian matrix R L G End(T( 1,0 ).X") via g TX . Then the Riemannian vol- 
ume form of g^ x is given by dv x ,u = (27r)~ n de\,(R L )dv x (where dv x is the Riemannian 
volume form of g TX ). Moreover, := dei{^)~ 1 h E defines a metric on E. We add a 
subscript u to indicate the objects associated to g„ x , h L and h E . Hence ( •, -) w denotes 
the L 2 Hermitian product on ^(X, LP ® E) induced by g^ x , h L , h E . This product is 
equivalent to the product ( •, •) induced by g TX , h L , h E . 

Moreover, H°(X, LP ® E) does not depend on the Riemannian metric on X or on the 
Hermitian metrics on L, E. Therefore, the orthogonal projections from (^°°(X, LP ® 
E),(; •) J and (^°°(X, LP ® E), ( •, •)) onto H°(X, LP ® E) are the same. Hence P p = 
P PtW and therefore Tf tP = Tf iPtW as operators. However, their kernels are different. If 
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Tf, PiU (x, x'), (x,x' £ X), denotes the smooth kernels of T^ P>UJ with respect to dv x ,u(x'), 
we have 

(0.29) T fiP {x, x 1 ) = (27r)- n det(i? i )(x')T / , p , w (x, x') . 

For the kernel Tf yPtU1 (x, x'), we can apply Theorem lOTTl since g^ x (-, •) = u>(-, J-) is a Kahler 
metric on TX. We obtain in this way the expansion of Tf iP (x, x) for a non-Kahler metric 
g TX on X. By (f029~D , the coefficients of these expansions (fOTEZD . (f0?18l) satisfy 

(030) 6 r , / = (27r)-"det(i? L )6 r , / , W) 

CV(/,<7) = a,„(/,<7). 

This paper is organized as follows. In Section!]], we recall the formal calculus on C n for 
the model operator Jzf , which is the main ingredient of our approach. In Section [21 we 
review the asymptotic expansion of the kernel of Berezin-Toeplitz operators and explain 
the strategy of our computation. In Section [31 we obtain explicitly the first terms of 
the Taylor expansion of our rescaled operator Jzf t . In Section |4l we study in detail the 
contribution of 2 , O4 to the term from (12.20D . In Section [5l by applying the formal 
calculi on C n and the results from Section [4] we establish Theorems lO.il |(X2~1 and 10.31 We 
also verify that our calculations are compatible with Riemann-Roch-Hirzebruch Theorem. 
In Section [6l we estimate the ^ m -norm of Donaldson's Q-operator, thus continuing [f20l 
EH. 

We shall use the following notations. For a = . . . ,a n ) £ N m , Z £ C m , we set 
|a| := X)j=i OLj and Z a := Z" 1 ■ ■ ■ Z^ m . Moreover, when an index variable appears twice 
in a single term, it means that we are summing over all its possible values. 

Acknowledgments. We would like to thank Joel Fine for motivating and helpful discussions 
which led to the writing of this paper. We are grateful to the referee for pointing out some interesting 
references. X. M. thanks Institut Universitaire de France for support. G. M. was partially supported 
by SFB/TR 12 and Fondation Sciences Mathematiques de Paris. We were also supported by the DAAD 
Procope Program. 

1. Kernel calculus on C" 

In this section we recall the formal calculus on C n for the model operator Jzf introduced 
in ||27l §2], Il24l §7.1] (with a-j = 2tt therein), and we derive the properties of the 
calculus of the kernels (F^)(Z, Z 1 ), where F £ C[Z, Z'\ and @>{Z, Z') is the kernel of 
the projection on the null space of the model operator Jzf . This calculus is the main 
ingredient of our approach. 

Let us consider the canonical coordinates {Z\, . . . , Z 2n ) on the real vector space IR 2 ". 
On the complex vector space C" we consider the complex coordinates [z\, . . , , z n ). The 
two sets of coordinates are linked by the relation z 3 = Z 2 j-i + \f^\Z 2] , j = 1, . . . ,n. 

1 /2 

We consider the L 2 -norm || • ||l 2 = ( Jh2»| ' 1 2 d%) on ^ 2 "> where dZ = dZ 1 ■ ■ ■ dZ 2n is 
the standard Euclidean volume form. We define the differential operators: 

(1.1) 6, = -2— + 7TZ,, bf = 2— + n Zi> b = (b lt . . . ,b n ) , % = > 

which extend to closed densely defined operators on (L 2 (IR 2 "), || • H^a). As such, bf is the 
adjoint of and Jz? defines as a densely defined self-adjoint operator on (L 2 (R 2n ), || • ||l 2 )- 



BEREZIN-TOEPLITZ QUANTIZATION ON KAHLER MANIFOLDS 8 

The following result was established in fl25l Th. 1.15] (cf. also fl24l Th. 4.1.20]). 
Theorem 1.1. The spectrum of J? on L 2 (IR 2 ") is given by 

(1.2) Spec(^) = |47r|a| : a € N n J . 

Each X G Spec(Jzf ) is an eigenvalue of infinite multiplicity and an orthogonal basis of the 
corresponding eigenspace is given by 

(1.3) B x = j&^e-^H 2 ^ : a G N n with 47r|a| = A, G N"J 

and \J{B\ : X G Spec(^f )} forms a complete orthogonal basis of L 2 (R 2n ). In particular, an 
orthonormal basis qfKer(Jzf) is 

(1.4) = (^'^e-^Wfl : yS G N"| . 

Let ^(Z, Z') denote the kernel of the orthogonal projection s : L 2 (R 2n ) — > Ker(-Sf) 
with respect to dZ'. Let ^ >± = Id We call •) the Bergman kernel of ££ . 
Obviously &>(Z, Z') = J2p <Pp( z ) <Pp( z ') so we infer from fTT~4l) that 

(1.5) ^(Z, Z 1 ) = exp ( - f E?=i (|^| 2 + |^| 2 - 2z^)) . 

In the calculations involving the kernel ^(-, •), we prefer however to use the orthogo- 
nal decomposition of L 2 (IR 2 ") given in Theorem ll.il and the fact that & is an orthogonal 
projection, rather than integrating against the expression (II .51) of •). This point of 
view helps simplify a lot the computations and understand better the operations. As 
an example, if <p(Z) = b a ^e~ v ^ z ^ /2 ^ with a,0 G N", then Theorem O implies 
immediately that 

' ^ e -E i N 2 /2 | if | a | = 0, 
0, if |aj > 0. 

The following commutation relations are very useful in the computations. Namely, for 
any polynomial g(z,z) in z and z, we have 

[bi,bf] = b i bf-b}b i = -4«8 i j, 
[bi,bj] = [bt,b+] = 0, 

(L7) [g(z,z),b j } = 2^-g(z,z), 

[g{z,z),bf] = -2—g{z,z). 

For a polynomial F in Z, Z', we denote by the operator on L 2 (IR 2 ") defined by the 
kernel F(Z, Z')3#(Z, Z') and the volume form dZ according to (l03l . 

The following very useful Lemma 11241 Lemma 7.1.1] describes the calculus of the 
kernels (F0>)(Z, Z') := F(Z, Z')0>(Z, Z'). 

Lemma 1.2. For any F,G G C[Z, Z'\ there exists a polynomial Jt[F, G] G C[Z, Z'\ with 
degree deg Jt[F, G] of the same parity as deg F + deg G, such that 

(1.8) ({F&>) o (G&>))(Z, Z') = X\F, G](Z, Z')&>(Z, Z'). 



(1.6) 
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2. Expansion of the kernel of Berezin-Toeplitz operators 

In this section, we review some results from 112511 . ll2~7H (cf. also [24, § 7.2]). We explain 
then how to compute the coefficients of various expansions considered in this paper. We 
keep the notations and assumptions from the Introduction. 

Kodaira-Laplace operator. Let d LP ® E '* be the adjoint of the Dolbeault operator d LP ® E ' . 
Let D p = d LP ® E <*d LP ® E be the restriction of the Kodaira Laplacian to L P ®E). Let 

A LP ® E be the Bochner Laplacian on tf°°(X } LP ® E) associated to V L , V s , g TX , defined 
as in (fOBl . Then we have (cf. Q24l Remark 1.4.8]) 

(2.1) 2D P = A LP0E - ^R E (e u Je t ) - 2np. 
Moreover, by Hodge theory (cf. H24l Th. 1.4.1]) we have 

(2.2) Ker(n p ) = H (X,L"®E). 

This identification is important since the computations are performed by rescaling D p 
and expanding the rescaled operator. 

Normal coordinates. Let a x be the injectivity radius of (X, g TX ). We denote by B x (x, e) 
and B TxX (0, e) the open balls in X and T X X with center x and radius e, respectively. Then 
the exponential map T X X 3 Z — > exp x (Z) £ X is a diffeomorphism from B TxX (0,e) 
onto ^-^(x,^) for e < a x . From now on, we identify B Ta:X (0,e) with B x (x,e) via the 
exponential map for e ^ a x . Throughout what follows, e runs in the fixed interval 
]0,a*/4[. 

Basic trivialization. We fix x £ X. For Z £ I3 T «o- x (0, e) we identify (L Z) /if), /if) 
and (L? ® i£) z to (L Xo , h% ), (E XQ ,h E ) and (LP ® E) Xo by parallel transport with respect 
to the connections V L , V s and \J LP ® E along the curve j z : [0, 1] 9 u -> exp x (uZ). This 
is the basic trivialization we use in this paper. 

Using this trivialization we identify / £ ^^(X, End(E)) to a family {/ Xo } Xo ex where 
f Xo is the function / in normal coordinates near x , i.e., f Xo : .B Ta; ° x (0, e) — > End(E Xo ), 
f Xo (Z) = / o exp^ (^). In general, for functions in the normal coordinates, we will add 
a subscript x to indicate the base point x £ X. Similarly, P p (x,x') induces in terms 
of the basic trivialization a smooth section (Z, Z') i-> P PtXo (Z, Z') of 7r* End(^) over 
{(Z, Z 1 ) £ TX x x TX : |Z|, |Z'| < e}, which depends smoothly on x . Here we identify 
a section S £ ^°°(tX x x TX, 7r* End(E)) with the family (S x ) x( z X , where 5;, = S\ v -i {x) . 
Coordinates on T X0 X. Let us choose an orthonormal basis {w l }" =1 of Tj* ,0 )X. Then 
e 2 j_i = -^{uij + vJj) and e 2j = ^^( w j — ™j)> 3 — 1. • • • . n form an orthonormal basis of 
T Xo X. We use coordinates on T Xo X ~ R 2n given by the identification 

(2.3) R 2n 3 (Z u . . . , £ 2n ) .— > Yl z ^ e T -o^- 

i 

In what follows we also use complex coordinates z = (zi, . . . , z n ) on C n ~ R 2n . 
Volume form on T X0 X. If dv TX is the Riemannian volume form on (T X0 X, g T *° x ), there 
exists a smooth positive function k xo : T X0 X — ^ M, ^ i — >■ k X0 (Z) defined by 

(2.4) dv x (Z) = K X0 (Z)dv TX (Z), k Xo (0) = 1, 
where the subscript x of k Xo (Z) indicates the base point x £ X. 

Sequences of operators. Let @ p : L 2 (X,L P ® E) — > L 2 (X,LP ® E) be a sequence of 
continuous linear operators with smooth kernel ® p (-, •) with respect to dv x (e.g. p = 
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T ftP ). Let 7r : TX x x TX — > X be the natural projection from the fiberwise product 
of TX on X. In terms of our basic trivialization, Q p (x,y) induces a family of smooth 
sections Z, Z' ^ G PiX0 (Z, Z') of 7r* End(S) over {(Z, Z') G TX x x TX : \Z\, \Z'\ < e}, 
which depends smoothly on x . 

We denote by \Q P>X0 (Z, Z')\ v i^ X ) the & norm with respect to the parameter x G X. 
We say that 9 Pi Z') = if for any I, m G N, there exists C ;>m > such that 

\®p,x ( z , Z')W™{x) < Ci <m p~ l . 

Notation 2.1. Recall that ^ xo = ^ was defined in (Ob . Fix Jfe G N and e' G ]0, a x [. Let 
{Qr.xoj-cKrssfc.xoex be a family of polynomials Q r>xo G End(E) X0 [Z, Z'\ in Z', which is 
smooth with respect to the parameter x G X. We say that 

(2.5) P - n e PtX0 (z, z') - jziQ^MiVpz, Vpz')p~ r/2 + o(p" (fc+1)/2 ) , 

r=0 

on {(Z, Z') G TX x x TX : \Z\, \Z'\ < e'} if there exist C > and a decomposition 

(2.6) r=0 

= z') + o(p— ), 

where ^ P) fc )Xo satisfies the following estimate on {(Z, Z') G TX x x TX : \Z\, \Z'\ < e 1 }: 
for every I G N there exist C k>l > 0, M > such that for all p G N* 

(2.7) |* p , Mo (i^')kx) < C Kl p-( k+1 » 2 (l + ^p\Z\ + ^\Z'\) M e- c °^ z ~ z \ 

The sequence P p . By |8l Proposition 4.1] we know that the Bergman kernel decays very 
fast outside the diagonal of X x X. Namely, for any I, m G N, e > 0, there exists Ci tTn%£ > 
such that for all p ^ 1 we have 

(2.8) \P p {x, x') \cgm <: C iim , £ p~ l on {(x, x 1 ) G X x X : d(x, x') ^ . 

Here the ^ m -norm is induced by V L , V s , V TX and /i L , p TX . 

By [HI Th. 4.18'], there exist polynomials J r , X0 (Z, Z') G End(#) Xo in Z, Z' with the 
same parity as r, such that for any k G N, e g]0, a x /4[, we have 

k 

(2.9) jr n Pp,* (S, Z 1 ) - E(- 7 n-o^x )(v / P^ vWp" 5 + 0(p-^) , 

r=0 

on the set {(Z, Z') G TX x x TX : \Z\, \Z'\ < 2e}, in the sense of Notation I27T1 

The sequence T ftP . From ([2791) , we get the following result (cf. Q27l Lemma 4.6], 11241 

Lemma 7.2.4]). 

Lemma 2.2. Let f G ^°°(X, End(^)). There exists afamily {Q r< x (f)}reN,x ex, depending 
smoothly on the parameter x G X, where Q rxo (f) g End(£?) Xo [^, Z'] are polynomials with 
the same parity as r and such that for every k G N, e g]0, a x /A[, 



k 

r=0 



(2.io) P - n T ftPtX0 (z, z') - J2(Qr,*o(f)^ )(VpZ> Vpz')p- r/2 + o(p- (fe+1)/2 ) , 
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on the set {(Z, Z') e TX x x TX : \Z\, \Z'\ < 2e}, in the sense of Notation\2J\ Moreover, 
Qr,x {f) are expressed by 

(2.11) Qr,x {f) = ^ Jr u x , (°)"^f ^r 2 ,*o 

r\ ■ T2 ■ oc r 

Especially, 

(2-12) Qo,x (f) = fM- 

Our goal is of course to compute the coefficients Q r ,x {f)- For this we need J r%Xo , which 
are obtained by computing the operators ^ XQ defined by the smooth kernels 

(2.13) &r,x (Z, Z') = J r>X0 (Z, Z')&(Z, Z') 

with respect to dZ'. Our strategy (already used in 11241, 12510 is to rescale the Kodaira- 
Laplace operator, take the Taylor expansion of the rescaled operator and apply resolvent 
analysis. In the remaining of this section we outline the main steps and continue the 
calculation in Section [31 

Reseating D p and Taylor expansion. For s e ^(M 2 ", E Xo ), Z e M. 2n , \Z\ < 2e, and for 

t = Tp> S6t 

(S t s)(Z) := s(Z/t), 
Vi := S t -HV LP ® E S t , 

(2.14) 



S; 1 K 1 l 2 t 2 {2U p )K- 1 ' 2 S t . 

Then by [24, Th. 4.1.7], there exist second order differential operators O r such that we 
have an asymptotic expansion in t when t — » 0, 



(2.15) Se t = 5?o + £ f °r + @{t m+1 ). 

r=l 

From OH Th. 4.1.21,4.1.25] (cf. also Theorem [372]), we obtain 

(2.16) JSf = J2 b i b t = ^> °i = °- 



j 

" 2 (~in>2n 



Resolvent analysis. We define by recurrence / r (A) £ End(L 2 (IR , E xo )) by 

(2.17) /o(A) = (A - S? )-\ /r(A) = (A - Sf^ £ 0;/r-;(A). 

3=1 

Let 8 be the counterclockwise oriented circle in C of center and radius tt/2. Then by 
11251 (1.110)] (cf. also [24, (4.1.91)]) 

(2.18) J^, xo = f f r (X)d\. 

z7Tv — 1 J& 

Since the spectrum of S£ is well understood we can calculate the coefficients J^ TiX0 . 
Recall than 9> L = Id From Theorem EH (12716!) and (127181) . we get 





3? — 

^0,x — 




^l,XQ — 0, 




(2.19) 


^2,x = 


-jSf 




- &0 2 S£- X 




^3,30 = 


-jSf 




- ^Oise-^ 
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and 



4,x 



2tr 



= / (A - &y x &^{0 2 f 2 + 4 /o)(A) + -&(0 2 f 2 + 4 /o)(A) dA 
1 JS L A 



(2.20) 



+ &- 1 9 ,L 2 & > 2 &- 1 & >± - @>0 2 %- 2 
- @>0 2 @>0 2 ££- 2 3P^ - 3P^££- 2 2 3?0 2 g?. 

In particular, the first two identities of (I2.19D imply 



(2.21) 



0,x 



1) J\,x — 0. 



Remark 2.3. Jzf t is a formally self-adjoint elliptic operator on ^"^(IR 2 ", E Xo ) with respect 
to the norm || • || L 2 induced by h Ex °, dZ. Thus Jzf and O r are also formally self-adjoint 
with respect to || • || L 2. Therefore the third and fourth terms in (12.20D are the adjoints of 
the first and second terms, respectively. In Lemma [47TI we will show that &O 2 0P = 0, 
hence the last two terms in (12.201) vanish. Set 



(2.22) 



41 



3. Taylor expansion of the rescaled operator Jzf t 

In this section we compute the operators «£? and Oi (for 1 ^ i ^ 4) from (I2.15D (see 
Theorem I3.2D . which will be used in Sections [4j [5] for the evaluation of the coefficients 
of the expansion of the kernels of the Berezin-Toeplitz operators. 

We denote by (-, •) the C-bilinear form on TX ® K C induced by g TX . Let R TX be 
the curvature of the Levi-Civita connection V TX . Let Ric and r be the Ricci and scalar 
curvature of V TX . Then we have the following well know facts: for U, V, W, Y vector 
fields on X, 

R TX (U, V)W + R TX {V, W)U + R TX {W, U)V = 0, 
(3 ' 1} (R TX (U, V)W, Y) = (R TX (W, Y)U, V) = -(R TX (V, U)W, Y). 

Now we work on T Xo X ~ M 2n as in (12.3D . Recall that we have trivialized L, E. Let V v 
denote the ordinary differentiation operator on T Xo X in the direction U. 

We adopt the convention that all tensors will be evaluated at the base point x G X 
and most of time, we will omit the subscript x . 

For W <G T X0 X, Z £ K 2 ", let W{Z) be the parallel transport of W with respect to V TX 
along the curve [0,l]3u-> uZ. Because the complex structure J is parallel with respect 
to V TX , we know that 

(3.2) J Z W(Z) = J^W(Z). 

Recall that {e;} is a fixed orthonormal basis of (T XQ X, g TX ). Then for U,V £ T Xo X, 

(3.3) Ric X0 (U, V) = -(R TX {U, e 3 )V, ej ) xo , r xo = -(R TX {e h e 3 )e u e 3 ) xo . 
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We define 



R T * G (T*X ® A 2 {T*X) ® End(TX)) X0 , 
R™.,.) G ((T*X)® 2 ® A 2 (T*X) ® End(TX)) X0 , 
Ric ; . G (T*X®{T*X)® 2 ) Xo , 
Rf. G (T*X <g> A 2 (T*X) <g> End(£)), , 
flf(.,.) G ((T*X)® 2 ® A 2 (T*X) ® End(£)) xo , 

by 

\^;(efc,e<)( e,n ' e j) e q> e i) — e k (R ( e mi e j) e q> e ; 

Ric ;efc (ei,Cj) = (V^Ric^e,))^, 
R E , eh {6 i ,e J ) = {V eh R E {e i) e j )) XQ , 

^W^fe.e;) = (V^i^ §,•)).„■ 
We will also use the complex coordinates z = (zi, . . . , z n ). Note that 



(3.4) 



XQ 



(3.5) e 2 ,_i 



d 



d 



d 



dZ 2 j-i dzj dZj 



^2 j 



dZ 



2j 



(- 


~ *) 


d 


2 


1 


KdZj 


82 jP 


dz 3 




2 



Set 



km£q 



R 



,TX 



a a \ a a 



(3.6) 



Ric fcI -Ric X0 KdZk , g - £ 



R 



kmtq; s 



R 



,TX 



dz k ' dz m J dz t ' dz q i 
d _d_\ 
' dz t 

d d \ d d 



xo 



R E _ R E (J?_ Ji 
kl X0 \dz k '&ZiJ' 



' oz s V dz k ' dz m J dzi ' dz t 



R 



E _ pE 

k * s ~ -'?k\dz k ' &Z q " 



a a 



and in the same way, we define Rkmeq-j , Rmet.ts , Ricfcg; i , R§q<*, R§q-ti ■ 

Since R TX is a (1, l)-form and V s is the Chern connection on (E, h E ), we deduce from 
(TO)-(l3T3D the following. 

Lemma 3.1. 

(1) R k m£q = R&nkq = Rkqim = R^qkm > 1" = 8 Rmqqrn, (R k q)* = Rq\> 

(2) Rkrn£q;~s Rpmkq;! Rkq£rn;~s Riqkrn;~s> 

(3) Ric is a symmetric (1, \)-tensor and Ric m , = 2 R mkkl , Ric m g ;? = 2 R mkm . 1} 

(4) R T f k , R T fe h e t ) are (1> l)-forms with values in End(T X0 X) which commute with J xo , 

(5) i?f e ^i?f (efe ' )ei) GEnd(^ ). 

Let div(Ric) be the divergence of Ric. By Q28l §2.3.4, Prop. 6], 
(3.7) dr = 2 div(Ric) = 2 (Vj * x Ric)(e m , •) . 
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(3.8) 

Set 
(3.9) 



Rumm ; k ~ ^Umk ; m I ^Umm ; fc — ^Ukm ; m > 

"(^ r )io = 2e g e m (Ric(e g , e m )) I0 = 32i? fc — 5 -. m ^ = 32J2 m — 5 -. fc ^ . 



n := £ z <e< = v 0l . := v. + -R L X0 {n, . ). 



'» ~* dz t 



Thus 7?. is the radial vector field on IR 2 ". We also introduce the vector fields z = Y,i 8 
and z = Si z~. By [j24l Prop. 1.2.2], (f3T2l) . we have 

(3-10) ft = £% * = *=5>A" 

i i i 

By (lOTD and (fTTTD . we get 
(3.11) 



6i = -2V _a., b I + = 2V ^ ) < = -27rv^l (J.,.) 



Let ^4 12 , A 2Z € (T*X)® 2 be polynomials in with values symmetric tensors, defined by 



(3.12) 



A lz (e t , ej ) = (RYz,z)(K, e i )ll,e j 



XQ 



A 2Z (e i ,e j ) = {Rl^in^i^Rl^n^n 

Recall that the operator ££ was defined in (11. ID . Set 
(3.13) 
and 



xo 



0' 2 =- {R™(K, e t )U, e 3 ) V , ei V , ei - 2R& 



I {(^R™(z,z)ll,e^ + ^Ric X0 (n, ej ) - R* (n,e 3 ) ) V , ej , 



o 42 

(3.14) 43 



° 41 = ^(^ 1Z " ^^(ei.e^Vo^Vo,^., 

A 2 z){e j ,e j ) - 



Ric(ft, ft)Jzf Ric(ft, ft), 



+ ^Ric(ft,ft) 2 , 



144 



44 = {^ lz (z, e f ) - ^^(2, ei ) + ^ (ii4 lz + ^ 2Z ) (e it e,) 
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and 
(3.15) 



45 (R™(1l, e k )K, R™(K, e k )e t ) ^ - - (R™{n, e e )TZ, e k ) ^ Ric(ft, e k ) 
+ \ e t )H, e m ) xo R* (n, e m ) - \r%, Z ){K, ei)) V , e „ 



O 



46 



4 
7T 1 

36 



7T 



A 2Z (z,z) + — (R™ jet) (z,z)K,e e 



XQ 



7T 

20 



R x ( z > z )7£> e ™) vn Ric(72., e m ) + - Ric fc m Ric m ^ z fc z^ — --R fc ^ m g RiQ^ z k z 



9 



+ - (irR™{z,z)K, e m ) R* {K, e m ) + - Ric(ft, e m )R^{TZ, e m ) 

+ 2^ R km R ^i + R Zi R k™) Z k~Z~l ~ ^(Z,e t )( n > e i) ~ R f(Z,Z)(£- t > 

The following result extends 11241 Th. 4.1.25] where Jzf 0l Ci, C 2 were computed. 
Theorem 3.2. The following identities hold for the operators O r introduced in (I2.15D 



(3.16a) 

(3.16b) 

and 

(3.17a) 



^o=E 6 A + = & = - E Vo, e , V , ei - 27m, 0! = 0, 

3 i 

2 =0± - ~ Ric Xo (ft, ei )V , ei - 



Os =- {R T t z{^ ei)K t e,)^ V , ei V , e 



2?r '^/(z.z^.e,) + -Ric ; z(ft, e t ) 

'350 D 



15 



+ 



+ \ (R™(K, e 3 )n, ei ) - \r%{ii, 



0,ei 



7T /^ TJf , \ 1 



--Ric ;et (^,e t ) 
xo b 



12 



Ric^.e,) - -J2f ei (ft,e0 



(3.17b) 



Proq/: Recall that ?j(^) is the parallel transport of e l with respect to V TX along the curve 
[0, l]3tt-> Let 0(#) = (0j(£))^ =1 be the 2n x 2n-matrix such that 



(3.18) 



Taking into account the Taylor expansion of 0] at we have (cf. [f24l (1.2.27)]) 



(3.19) 



E(l a l 2 + \<*\){rq){o)-r = (R TX (n, ej )n, i 



From this equation, we obtain first that 
(3.20) - f>r\-*f>7\ . 1 /dTx, 



ei (Z) = 8-(Z) + - (R^^e^e,)^ e k (Z) + G{\Z\% 



xo 
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From (13741) . (I3710D . (137121) . (137191) and (137201) . we get further 

1 jTXjrn „ \T> „ \ i * / r>TX 

(3.21) 



+ ^ e 3 ) + ^A 2Z (e h e,-)) + G{\Zf) . 



Set gij(Z) = g TX (e l ,e 3 )(Z) = (e l ,e J ) z and let (g lj (Z)) be the inverse of the matrix 
(gij(Z)). Then by (137121) . (I3TT81) and (13721T) . we have 

<to(£) = 9\{Z)Q){Z) = 5 l3 + \ (R™(K, ejK, e 3 ) + \ {R*?(K, e^TZ, e 3 ) 

(3.22) 3 /xo 6 X *° 

+ ^A lz ( ei> ej) + —A 2Z (e u ej) + 0(\Zf). 

In view of the expansion (1 + a) 1 = 1 — a + a 2 + . . . , we obtain 

g ij (Z) = Sij - \ (R™{K, ei)n, e 3 ) - \ (R T J(n, ei )K, e 3 

(3.23) 3 N /«o 6 \ ■ 

- ^Aiz{eu e 3 ) + —A 2Z {e u e 3 ) + &{\Zf\ 

If r| are the Christoffel symbols of V TX with respect to the frame {e,}, then (V^ x e 3 )(Z) 
= T\ 3 {Z)et. By the explicit formula for V TX , we get (cf. flM (4.1.102)]) with d 3 := ^ 

Y\ 3 \Z) = \g lk {d i9jk + d j9ik - d k g l3 )(Z) 

(3.24) * ^ 

/ R^(n,e 3 )e i ,e t ) + (R™{n, efc, e t ) + 0(\Z\ 2 ) . 



3 

For; fixed, Y] 3 {Z) = \g tk {2d j9]k - d k g 33 ){Z), thus by (15321) and (137231) . 



r^^) = -(i?^(^ ei ) ej , e , 



(3.25) 



4 ei )e it e,)^ + 2 e,)ft, e,)^ + (flT*(ft, e 3 )e 3 , K ^ 



Note that 



and 



2 

1 

12 

so + az,- V20 

( —Mz + —A 2Z ] (e,, e,) + ^(l^l 4 ). 
2dZj V20 45 y v J ' j; Vl 1 ; 



det(<5y + a tJ ) = 1 + ^ a;, + XX a " a ij ~ a ^i a n) + 

i i<j 



(l + a) 1 /4 = i + i a _A a 2 + . 
v 7 4 32 
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By (I3T3D and (1^221) . we get 

k(Z)V 2 = | det( 9lj (Z))\V* = 1 + 1 (j^fo Cj .)W, Ci 
- — Ric ; *(ft,ft) + i^fo.e,) + —A 2Z {ej,ej) 



(3.26) 



1 / . X2 



1 - 1 Ric(ft, ^) - 1 Ric ;Z (n, 71) + (±A 1Z - ^ 2Z ) (e 3 , e 3 ) 



Thus 



(3.27) 



+ —Ric(n,n) 2 + ff(\Z\ 5 ). 



k(Z)- 1 / 2 = 1 + 1 Ric(ft, ft) + 1 Ric . z (n, 71) - [^A 1Z - ^A 22 >) (e 3 , e 3 ) 

1 X Ric(ft,ft) 2 + ^(|£| 5 ). 



144 288 



Observe that J is parallel with respect to S7 TX , thus (Jei,e 3 ) z = (Jei,ej) . From 
(f3T9D , (13J0D . (I3J8D and (13T2TD . we get 

v ~ l R L z (n, e t ) =6i{Z) (Je^ Sj) z Zi = 6j(Z) (JK, e 3 ) 



(3.28) 



XQ 



+ ik J ^ } ^ H ™ (7 ^ e ^)* + ^ |6) - 

Let T* = r s ,r L and J?* = R B ,R L , respectively. By Q24l Lemma 1.2.4], the Taylor 
coefficients of T'{e t ){Z) at x up to order r are only determined by those of R* up to 
order r — 1, and 

(3.29) £ (d-T'Uiet)^- = -i^ £ (^W^e,)^. 

|a|=r ' |a|=r — 1 

Thus by (13T281) . (|3T29l) and since i? TX is a (1, l)-form, we obtain 

i? T *(ft, JTl) = -2^R TX (z,z) , (R™ iZ] (TZ, J7l)7l, e t ) = -2^1A lz {z, a) 



and 

6 \"" xo ^' -/»o 



(3.30) 



r 1 r L (e i )(^) = -ttv^W^ -t 2 -(Rl x (z,z)7l,e, 



* 3 - (i^#(z, z)ft, - f—A lz (z, ei ) - t*—A 2Z (z, e^ + 0(f). 
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r s ( ei )(^) = ^<(^eO + ^(^ ei ) 



(3.31) 



+ i (i?f (z , z) (^ ) cO + i (i? TX (ft, cOW, e fc ) xQ <(7£, e fc )) + ^(l^l 4 ), 



v;, ei = v ei + -r L ( ei )(tz) + tr E ( ei )(tz) 



By (O) and (12TT41) , we get, 

= - K (tzy^(tz)\v ttei v' -tr^t.wJwKitz)- 1 / 2 



(3.32) 



-t 2 ^R E (e l , JSi){tZ) - 2irn. 



We will derive now (!3.16aD and (!3.16bD (they were already obtained in |24l Th. 4.1.25]). 
By using the Taylor expansion of the expressions from (13.321) (see (I3.23D . (13.241) , (13.261) . 
(I3.27D , (I3.31D ) we obtain immediately the formulas for Jz? and Oi given in (I3.16al) . 

In order to compute 2 , observe first that by (13. ID and the fact that R TX is a (1,1) -form 
with values in End(TX), we get 

(3.33) V e3 {Rl-{z^e 3 ) = 2 ( J- {R™(z,z)z, £-) + £- (R t x *(z,z)z, J-)) = 0. 
Thus from (13331 . (15351) . (I3T24D . (I3T261) . (153T1) - (13351) . we have 



J^o, — Ric(ft.ft) 



(3.34) 2 = 0' 2 + 

By the formula of Jzf (see (!3.16aD ) and since 

[J§? , Ric(7^, 7£)] = -4 Ric(7£, e.,) V , ej - 2 Ric(e J , e^) , 

we get from (I3.34D the formula for C 2 given in (!3.16bP . 
From (I3.32D . we have also 

O, = \(R T X{n y e l )n,e ] ) V , ei V , ej 

o, ei 



— (z, z)^, + -R%(K, e { ) 



xo 3 



(3.35) 



d 

~dZ~ 
1 



^ (R T J(z, z)1Z, e t ) xo + ^R%{11, e t ) 



4 Ric , z (11, et ) + 2 < i? J e f (ft , e, )ft , e, ) + Ric ;e; (11, 1Z) 



Vo, ei 



+ 



i? 0) — Ric.^ft.ft) 



In (13.35D . the first (resp. second and third, resp. fourth, resp. fifth) term is the contribu- 
tion of the coefficient oft 3 in g %3 (tZ) (resp. V^ e ., resp. tT^t-), resp. K 1/2 (tZ)). By the 
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same argument in (I3.33D and the formula of Jz? given in (I3.16al) . we get 
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(3.36) 



OAi X 3-0 ' x 



[Jzf 0) Blc ;Z (n, K)] = - 2(Ric ;ei (ft, K) + 2 Ric ;Z (n, e l ))V , ei 
- 4Ric ;ei (7l,e l ) - 2 Ric ;Z (e l) e l ). 

From (I3.35D and (13.361) we get the formula for G> 3 asserted in (13.17aD . Moreover, 



o 4 



O i2 + 



0^ — Ric{TZ,n) 



+ o 43 + o 



41 



+ I «*(^. ei)^. e 7 ) xo { ( - I {irRZ x (z,z)n, e,)^ + R^TZ, e,-)) V , e 



i a 



(3.37) 



O. 



44 



^ 2Z (z, e t -) + — (R TX (TZ, ei)U, e r 



xo 



R? {K, e m ) 



^ (R™{K, ei)n, e k ) xo Ric(ft, e k ) + -Rf {Z}Z] (n, e,)] V , ei } 



d 

dZ, 



7T 

60 



7T 



180 



e t ) - ~A 2Z (z, e { ) + -R* {z z) {n, e { ) 



^(R^i^e^e^^R^e,)) 



^ - ';(Z,Z)( e n ^ e ») 



Here 



42 is the contribution of the coefficients oft 4 in K x l 2 (iZ) and k x l 2 (iZ), 
the second term is the contribution of the coefficients of t 2 in K x l 2 {iZ), K~ 1 / 2 (tZ) 

and in -<^)(V^V^ " *4(^) V U> 

• 43 is the contribution of the coefficients oft 2 in K}/ 2 (tZ) and K^^itZ), 

• On is the contribution of the coefficients oft 4 in g lJ (tZ), 

• the fifth term is the contribution of the coefficients of t 2 in —g l ^{tZ) and in 

{v[, e y t , ei -tT\ 3 (tz)v> ttei ), ^ 

• the sixth, seventh and eight terms are the contributions of the coefficients of t A in 
— (V^ e . V t e . — tT^tZ) V t e J: the sixth term is the contribution of the coefficients 
of t 2 in V te ., —tT l iz (tZ) and t 2 in V t ; the seventh and eighth terms are the 
contributions of the coefficients of t 4 in V te . and — tT l u (tZ). 

Now by (f37L3l) . 



(3.38) 



i[0^, Ric(ft, K)] = — (R™(K, ei)n, e 3 )_ (4Ric(ft, e 3 )V ^ + 2 Ric^, e,-)) 
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and the same argument used to obtain (I3.33D shows that 



d 5 



(3.39) 



—{A lz {z, ei )) = — {R\ { \ z) {z,z)n^) xQ = 2{R^ z>ei) (z,z)'R,e l ) xo 

d d 



(A 2Z (z, ei )) = ^ (R T x *(z, z)n, R™(n, e t )n) 

R™{z,z)e u R T x f{n,ei)n) + (R™(z, z)TZ, e 3 ) Ric^.e,). 



dZC v ' " dZi \ x ° v ' ' ' x ° v ' ' lx 

xo 

Finally, by (13. ID and since R TX is a (1, l)-form, we obtain 
(3.40) 



R™{z,z)e t ,R™{n, e t )n) = (R™(z, z)e t , e m ) (R™(K, e e )TZ, e m ) = 0, 

ITX i 



Thus 



R x ( n > e t) n > e m) Ric(e^, e m ) = SRklmq RiC ^ Z k Z <3 



O, = £ ^ - ^ (Rl x (z,z)n, R™(z,z)>Jl) - \r e xo {u, e 3 f 

1 / ~,TXl„ -=\n-> „ \ rsE „ \ , ^ / dTX 



(3 ' 41) - ^ *R e,-)^ Ric(ft, e 3 ) + ± Ric(ft, e,) Ric(ft, e 3 ) 

+ (i?r o x (^, ei)U, e 3 ) xo Ric(e t) e,) + - Ric(7£, e 3 )R^{TZ, e 3 ) 

Putting together Lemma ELU (f3TT2l) . (I3TT4D , (I3T40D , (f3T4TD and the fact that J2 r * is a 
(1, l)-form, we infer (|3.1 7bD . The proof of Theorem l3.2l is completed. □ 



4. Evaluation of ^ 4 from (12.201) 

We calculate in this section an explicit formula for the operator #4, defined by (I2.13D 
and appearing in the Bergman kernel expansion (12.91) . This is necessary in Section \5\ in 
order to evaluate the expansion of the kernel of the Berezin-Toeplitz operators. We use 
formula (I2.20D to achieve our aim. Recall that explicit formulas for the operators Jzf , 2 , 
C 4 appearing in (I2.20D were given in Theorem 13.21 

This section is organized as follows. In Section l4~7fl we determine the terms in (I2.20D 
which involve 2 . In Section Fk2l we calculate the terms in (I2.20D which involve C 4 . In 
Section [431 we obtain the formula for #4(0, 0) (cf. Theorem 14. 5D . 

We adopt the convention that all tensors will be evaluated at the base point x £ X 
and most of time, we will omit the subscript x . 

4.1. Contribution of 2 to J^O, 0). 
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Lemma 4.1. The following identities hold: 
(4.1a) ^0 2 ^ = 0, 

(4.1b) (JSf l O 2 ^O 2 ^)(0,0) = ^(E^ & I + E^) 2 . 

fcm '- ' 



(4.1c) (^O 2 ^- 2 O 2 ^)(0,0) 



_ 3Qlr 2 R mkqi R km£q + ^ 2 ^RqWml + R qjj ^ R lkkq + R Cq 

Proof. Note that by ffTTTT) and (fl3D . 

(4.2) (&+^)(Z, Z') = , (&^)(Z, Z) = 27r(z t - z t ')^(Z, Z). 

For cf> e by (I33T) . (I37TTT) and (l472l) , we have 

0( ei )V o , ei ^(^ 0) = -27T0(z)^(Z, 0). 

By Lemma L37T1 (1331) . (173761) . (!3.16bD . (14731) and the fact that i? T * is a (1, l)-form, we get 
1 1 14 

Ca = -Rkrn£qZkZib m b q + -Rkqm z kZm(b q b i + b £ b q ) + -Rkm£qZ m Z q b k b t — -Rmmqq 
+ {^Rkmik^rn ~ — Rkm.CqZkZ m Zq^jb'l - {^R{kkq Z l + ^ Rkrn£qZkZ m Z(^b q 

-2Rf q -R*(z,£- i )bl + R*(z,4- q )b q . 
By Lemma[37Tl CT7J) and d4T4D, we get [RkrniqZ k z t , b m b q ] = 8b q R kk£q z e + 8i? m ™ 5? , and 

1 / 7T 

-bmb q Rkm£qZkZt + b q I — — . 



— -b m b q Rkm€qZkZl + b q ( — — Rkm£qZkZlZ m + 2R^ k -Z£ + R^Z^ 



(4-5) + (y-^-Rkm£qZkZ m — —RkTn£qZkZmZq + 2R kkm Z m + R^Z-m^b^ 

+ —RkmeqZ m z q b k b~l . 
Thus Lemma O (11771) , ([472]) and (1431) yield 

2 ^ = \\b m \R k rnrqZkZi + b q (- ^RkrniqZkZii^ + z'J + 2R lkk -z t + R%z t ))&> 

(4.6) 3 / 3 27r 7J 
= <,-^b m b q R k miqZkZe + -b q R ikkq Ze — —b q RkmeqZ k ZeZ m + bqR^zn^ . 

Now, (l4.1aD follows from Theorem 11.11 (11.61) and 04.61) . These imply also 

(4.7) jgr 1 ^ = |^J? fc ^z fc z, + ^RtkkqZt - ^R^cqZkZtzl + ^R%z^9>. 
Due to (fTTTD and (14771) we have 

(^- 1 2 ^)(^, 0) = l^lR^ZkZ, + i + flg)z,}^(Z, 0), 



(4.8) 



(if- 1 O 2 ^)(0, Z) = -^(Rmrnqq + ^^^(O, Z) . 
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Since 2 , J£ are symmetric (as explained in Remark I2T31) and (R^)* = R^, we g et by 
([LTD . d3H) and (l4~8~l) . 

(^O^ 1 )^, ^) = ({^- 1 2 &>){Z, 0))* 

f r 6 + 6 + /4 \ 6 + ll 

(4.9) = {^[Ruv q jZ v Z s ^ + [-R q vvl + R fs)Zs-^\ }(0, Z), 



{PChsr-^iz, o) = ((^- 1 o 2 ^)(o, = -^(^ + R^nz, o). 



Note that ^(0, 0) = 1 by (1T3T) . From (O), (O), (021), (EH]) and (g^D, we get (l4TTbl) . 
and 

(^O 2 ^- 2 O 2 ^)(0,0) = ^\-^-R m - sq iz s z t R k rn rq z k z t 

(4.10) l ( 487r ) 

Let G C[6, z] be a polynomial in b, z. By (11.71) . (14.21) . we have 

CM(6, z)&){Z, 0) = 0(6, 0) = (^<f> + 0), 

(4.11) z)^)(^, 0) = (0(6, z)z k z x &){Z, 0) 

/6 fc 6, , 6 fc dcf) bi dcp 1 a 2 x 
= JLi^ + _* — zl _| f — -) — — &>{Z, 0). 

V4tt 2 ^ 2tt 2 d Zl 2tt 2 5z fc 7T 2 5z fe 5zJ V ' ; 
Let F(Z) be a homogeneous degree 2 polynomial in Z. By (14.2D , 

Thus from (lL6l) . (14TTTT) and (14TT21) . we have 

/ r) 2 P" 7 a 1 r) 2 P \ 

„)=(£— _+ *.(,.„). 

(4.13) |Q| - 2 

i a 2 F 



7T 2 dz l dzj ' 

By (I4TT0D and (I4TT3T) , we get (HTTcl) . The proof of Lemma |4~T1 is completed. □ 
Lemma 4.2. The following identity holds 

25 47 

7T 2 (^- 1 ^ ± O 2 if- 1 O 2 ^)(0, 0) = - R mWl R k - rq - R-- Rm - rq 

(4.14) 2-3 i 

, _ p p , _ p.E p pB p _j_ _ f pB pB _ o pB pS \ 

~^ ^ kkU mmqq li mmqq Q ql mm £q ' gV ""tl fl-qq ° rL qi rL £q)- 
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Proof. Set 



I\ — ^y-bkb t R^z s Zt + b t - —R s i t jz s z t z k + {2R tl - t + Rf e )z^J J 



(4.15) 



b m b q 
48tt 



RimjqZiZj + (o^jiiq R jq) Z 3 



2bi _ 7T / B \_ 

-^- R sk q I z sZk ~ -R s k q -iZ s z k Zt + [2R slqk - + R q k)Zk 



Then by Lemma [HQ (fTTTI) . (l4~2l) . (1431) and (|4~8D . we get as in (l4TT0l) that 

(4.16) (0 2 if- 1 2 ^)(^, 0) = { Jj + J 2 + ^i? m ^z s z iJ R fc ^z fc z,}^(^ ) 0). 

Let ft(z) = J2 l h l z l , h'(z) = Y, t K z i w i tn ^>^i G Q and let -F(i?) be a homogeneous 
degree 2 polynomial in Z. By Theorem EH (01) . (HTTP . (l4~2l) . (14TTTT) and (14TL21) . we 
have 

(4.17a) (^F^)(0,0) = ---^, 

7T OZiOZi 

(4.17b) (0, 0) = (j^-^/i^) (0, 0) = -— hi , 

1 d 2 F 



(4.17c) (^-^^)(0,0)= 

(4.17d) (y-%Fb,0>) (0, 0) = - {ST\bjFS>) (0, 0) - 



i a 2 F 



(4.17e) (if- 1 ^^^) (0,0) = ^ x & x - (b J Fb i + 2^b i S j&{0,„ J - "^^^ . 
(4.17f) (^^Fz&.SA (0,0) = ^-^^ 54^(0,0) = --^-J^- , 

v 7 47T 2 87T OZtOZj 

(4.17g) (jf^b.Fz^) (0, 0) = S>-%F±L&{0, 0) = ■ 

In (14.17cD and (I4.17dl) . we have used F6 t = b t F + 2§g. Observe that (OP . (fTTTI) imply 
that for every homogeneous degree A; polynomial G in and every a G N n , we have 



3,0) 



3 5 2 F 



(4.18) 



(6 a G^)(0,0) 



0, 

(-2) 



if |a| 7^ fc, 
if led = k . 



By Theorem ll.il (I1.6D and Q1.7D , we also have 
(4.19a) (tf-Hihbjti (0, 0) = 



&A "ftA' + ^hjh 1 ) 0(0, 0) = - hjh'i), 



\ 87T "" ' 27T' 

(4.19b) (Sf- 1 0'- L hbih'b j & f ) (0, 0) = -—h h\ - —hihL 

v ' 27T 27T 

where we use in the last equation that hbih'bj = bihh'bj + 2hih'bj and further (|4.17bD , 
(R~T7d1) . 
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Let 4>(z) = tpijZiZj, tp = ipijZiZj be degree 2 polynomials in z with symmetric matrices 
(<Pij), {i>a)- ThenbyTheoremO CCZD, (BHD , (I4.17dl) . (l4J7eD and (l4~T9al) . we obtain 



(4.20a) (ST^^h^) (0, 0) = (^** + hj t^h) ^(°> 0) 

~ - (> ) + —(^.^ -|- <j) k] ht), 



and 



37r dz t dz k dz : 7T 

(4.20b) [^- x b k 4>btb 3 h^) (0, 0) = ^ ^&A<£ + 2 &fc|^ J bjh^(0, 0) 

-2 d 3 (0h) 2 



3-7T OZtOZkOZj 7T 

(4.20c) -7T i^b^ZtbjhSA (0, 0) = — JSf- 1 6 fc 06 i (fy/i + 2^) £»(0, 0) 

1 <9 3 (0/i) 1 



37T dzidz k dZj 7T 



(4.21a) (££- x b k hb x b 3 i>&) (0, 0) = [-^hip + + &i W ) ^(0, 0) 



2 a 3 (^) 2., . , , . 

+ — {Wkthj + Wkjhi), 



37T dZkdzflZj 7T 

(4.21b) (^f- 1 6 fc ^6 J V^)(0, 0) = Sf-ibkhbj \^-ip + ) ^(0, 0) 

y Z7T 7T OZi J 



i a 3 (/i^) i . , t . 

+ ^(ipkjhi + ip tj h k ), 



37r 2 dz e dz k dzj 7T 2 
(4.21c) (jr'KM^*) (0,0) = ^j^- + 

In fact, by (I4T2D , (I47TTD implies 

7r(^z,b i V^)(^, 0) = ^ (buhbrfzt + fehkbrf + 2^—) ^(Z, 0) , 



so from (l4.17dD , (!4.19bD and (!4.21bD we get (I4.21cD 



Set i?mg(z) = RkrniqZ k Zi. By (fTTTD and Lemma[3TIl 



%(^)* m ^s^) = (^A-R^) + 8b m R qiek z e + 8R m ~ qk )Rrfiq{z) , 
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thus Theorem O (14TTT1) . (I4.20bl) and (!4.21aD show that 
{^%b k R, % b m b q R^- q ^) (0,0) 



25 



167T 



2b m 
3tt 



^^+-i2 m ^ji?^(0 ) 0) 



1 d\R 1% R mq ) _ 16 d\R q - sl%Zl R^) 8 r 



(4.22) 



7r dz s dz k dz m dz q 3tt dz s dz k dz 

- [TT^ X b k Z s Rikbmb q Rra- q ^) (0, 0) 



7T 



1 6fc ( -i'sfij^m^-Rmg 



3ft 



'sk L L D 

(9z 9 



ms qk Rsmkq > 



DLL ^m? 



^(0,0) 



i a 4 feiW , s a 3 (f? g ^f^) 4 _ie 

7T 



67r dz s dz k dz m dz q 3tt dz s dz k dz 
Due to (I4TT5D , (l4.17aD - (l4T22l) , we get 



^ mlqk ri smkq ^ ^slqk^-rnmkq 



(4.23) tt^^Ij^XO.O) 



144 



7 d 4 (R 1 jR W q) _ 8 d 3 {RgJtt Z vRwq) 



6 dz s dz t dz m dz 



c s vz t oz m oZq 3 dz s dz t dz m 



+ ^Rmsqt-R-smtq 



^■6R S s q tRmmtq 2 



dz t dz m dz a 



7717715 



+ 



i r ia 3 (^(|% fc? + J R|)z,) _ ,4_ _ ,4 



12 



dz,dztdz n 



1 



+ ( -Rtfcfcg + R t qJ R-sltt ( g -^"gfcfcg + -^gg) 

(2-^^ + (g-^gfcfcg + "^gl) ~~ ( 2 -Rgu U t + Rqt) {^ R ikkq + 



But from Lemma [3TT1 we have 

d 4 (-Rlt-Rmg) 
^ 3 (-^55t<i Z f^rng) 



— ^^■msqt^-smtq + 4i? S stt^-mmqq + 16J? slmt^-qmtqy 



(4.24) 



dz t dz m dz q 

® {.Rmlvt^vRrnq) 

dz s dz t dz q 



— 2R S s1±Rmmqq ~l~ ^Rssn+R 



■ssqt**-rnmtqy 



^Rmsqi-Rsmtq + ^^msst-^trnqq- 



Plugging (I4.24D in (I4.23D we see that the coefficient of R^qtRmmtq in the- term ^ 
(EH) is ^(f - f - 16 - 16 + 24) = and 



of 



7t 2 (^- 1 j 1 ^)(o, o) = -LHfl^ _ t5 _ 



(4.25) 



+ 
+ 



144 

4 



-10 1 

1~ + 12 
1 8 

+ — • T 



-20 1 

1T + 3 



R-sstt Rmmqq 



~ssqt mmt q 

4 1 



.144 12 3 



5 

12 



ft ^"mmqq 



10 



144 12 3 3 - 8j 
1 



ttqt-Kmrntq + g{ K ii K qq ~ K qi K tq) 



23 g3 ^rnsqt^smtq ^ ^ssqt ^mmtq 

i ^ D dB d /■ D-B dB dB nS \ 

+ T-n-tt-n-mmgg ~ q t^rrvrntq + -^{ K ti U qq ~ K qi K tq) 



^■ssat^-rnmtq ~\~ Q^sstt^rnmqq 
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From (l4~15D . (l4J7cD . (l4J7fl) . fl4J7gD , (l4T21bl) . (ICTcD and (HT241) . we get 



26 



^-^xo, o) = i [ - ^ 3 f u y z ^ mg) 

18 L 2 dz s dz t dz m 



(4.26) 



3 

1 _ 1 



2, 

-gsVV 



sg 



+ 



5p _o 



pB p ^ Z?^ 

2g" 1, msgi- rL smtg g -""ssgt n mmi g ■ n "sg rl tsgt / ^at t 



By (14.17A) . we get 



(4.27) Y^^i^fc^fc^^) (0. 0) = - ^ 



c 2 ^"msqt^-smtq- 



Relations (14TT61) . (I4T25D . (l4~26l) and (R~27D imply the desired formula (I4TT41) . 



□ 



4.2. Contribution of C 4 to ^4(0, 0). We will use the following remark repeatedly in our 
computation. 



Remark 4.3. Let # be a polynomial in b + , z, b,z. Due to (11.71) and (I4.2D , the value of the 
kernels of ^ >± ^^, ^f' 1 ^ 1 ^^ at (0, 0) consists of the terms of # whose total 

degree in b and z is the same as the total degree in b + and z. 

Lemma 4.4. We have the following identity : 



(4.28) 



Ar 23 41 

- 7 r 2 (^- 1 O 4 ^)(0 ) 0) = - — + — R mlqi R sWt - q + —R slqi R mWrq 

^mmqk^kq ~r g V ^mTn^q ' orL qrn;mq) > ^^fcg gfc 

Proq/: By ([LTD , (13TT4D , (ED and (R~3l) , as in (RT4D , we have 



(4.29) 



-(O 4 i^)(£,0) 



LIZ 



7T" 



7T 



and 



(4.30) 



4f — ^iz - — ^2zV^-, J-) - — Ric(z,z) 2 ]^. 
V80 360 * z J^o*3'B*i' 72 v ' 
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From (13321) . (l3~7L4l) . (R~2l) and (R~3T) . and since i? TJf is (1, l)-form, we have 



-(O^)(Z,0) = 2ir{^A lz (z,z) + {oz{h Alx + ~k A2Z ))^ ei) 

- ^A 2Z (z,z) - z° (±A 1Z + (4, £-)}nz, 0), 



(4.31) _(o 45 ^)(^ )0 ) = 2tt{^ (f? T *(ft, e fc )z, e fc )z 



^R TX (z,z)n,e k )Ric{TZ, e k ) 



+ 4 



^ (i? T *(z, z)K, e 3 ) R E (K, ej ) - ±Rf (ZtZ] (z,z)}&(Z, 0). 
Let tpijk be degree 3 polynomials in z which are symmetric in i, j. By (11.7D , 04.2D , we get 
{ip^kZiZjZk^iZ^) = ^{^ k b,b 3 b k ^){Z^) = ^{MA^fc 

(4 - 32) + j^^gi + 46 A + 8 6i |fi + 46,|fi + W 0). 

az fc azj oZjOZk oz l ozj dz l dz J oz k J 

Thus by Theorem [LH (fTTTD and (14321) . we obtain 

7r 2 (^- 1 ^^ ljfcW ^)(0 ) 0) = JLjM^, + \bib^ 

2 1 fc dz., 1 dzjdz k k dz l dzj) ' 2Att 2 dz l dzjdz k 

Since |^-| 2 = \ , Lemma 13TT1 (13T61) . (137121) and the fact that R TX is a (1, l)-form entail 

= (rTX z] (z,z)z,z) , 



A2z(z,z) — 2 {FL rX (z, z)z, R TX (z, Z)zj — — AR ulv jR k m t qZ u Z s Z v Z k Z m Z q , 

(4-34) A lz (i-,i-) = (RY z>z) (z,i-)z,4-), 



A) = RTX ^ A) n 

By Remark [431 we can replace A lz (z, z) by 2R Km£q . s jz k z rn ZiZ q z s z t in our computation. 
We deduce from (14331) and (14341 that 

^(Jtf-'^A^iz, z)&>){0, 0) = - ^(i? m ^ 9?;i i + 2R mql]m i) 1 
(4.35) n 67r 

Tr 2 ^" 1 ^^^, z)&){0, 0) =— (R^R^tq + 2R s - sqi R irmtq ). 

Let Fij be homogeneous degree 2 polynomials in Then by (11. ID . 04. IIP and d4.17fl) , 
we obtain 

(4.36a) (^F^z^XO.O)- 1 ^ 



7T 2 dz l dzj ' 



(4.36b) (^- 1 ^ ± z fc a( ^ Zj) ^)(0,0) = - A^? 2 



(9z fc ' 47r 3 dz,dZj 
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(Note that by Remark [473] the contributions of z k d( - Fi ^f iZ ^ and 2F ij z 1 z J to (I4.36bl) are the 
same, so (I4.36b|) follows from (l4.17fD .~) 

By Remark 073] and (I4.34D , only the term -2R q - k -. € ^, m z k ZtZt from A 1Z (- ^, J- ) has 
a nontrivial contribution in our computation at (0, 0), and from (I4.17flh (!4.36aD and 



(I4.36b|) , we get 



K^(afc.i)^) (0,0) = 



)^) (0,0) 



(4.37) 



2 ■^gmtg;m<)' 
^ (^-^rn^Aui^^)^ (0,0)= (jSr 1 ^^,^ 

3 

\ [^~ x ^z m ±-A^ 4- q )^ (0, 0) = (^- 1 ^2,(^, 4)^) (0, 0) 
3 



— 47T 3 ^1 lst ^" u 1 tu ^RqsutRsqtu)- 



Remark (1473D , (l4TT7cD and (R~T7fb yield 



(V 1 ^ (itfg^, 2)7*. e m ) XQ ^) (0, 0) 

= 2 L£? 1 ^ ± (-Rfc9£m ;m 5 — -Rfcgms;^m)Zfc.Z g .2^.Z s ^) (0, 0) = 0, 

(V 1 ^ (R™{z,z)n, e k ) xo Ric(ft, e fc )^) (0, 0) 
( 4.3 8 ) = 2 (jSf- 1 ^ aJ -(-H w Ric mi +f^ m fc Bic klj )z i z s z q z rn & > ) (0, 0) = 0, 

(Sf- 1 & ± Bjc{n,e q )RS o {n,e q )0>) (0,0) 

= 2 (jST 1 ^- Ric fc? J2J + Ric ?? i?|)z fc z 5 ^) (0, 0) = 0, 
(jgf-^^^jCW.c.)^) (0,0) 

= 2 (jSf- 1 ^^.^ - i^. K )z fc z,^) (0, 0) = 0. 



By (137391) , (137401) . (14751) and (14381) . we know that for a = 1, 2, 



(4.39) 



(^^) (Z, e 9 )^) (0, 0) = -2 (V 1 ^ A^afc, -t)&) (0, 0). 
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By (1331) and (14.17fD . we have 

(jST 1 ^ (R T J(Tl, e k )z, Rl x (TZ, e k )z) xQ 9^ (0, 0) 

= 4 (jSf 1 ! ^ ± (i? fc? ^i? m ^- + i? m ^H fc ^)z s z,z m z ? ^) (0, 0) 
3 

= ~~ o3^3 i Rkls ^ R qkuq "t" ^-^sfcgu-Rfcsug)) 

(4.40) ^ 

(j*?" 1 ^ 1 *)7i f e k ) R* o (K, e u )0>) (0, 0) 

= 2tt (jf-'^i-Ra^R^ - R^B^)z l z,z q z m 0>) (0, 0) = ^R^R^ 

^^R\ m {z,z)^) (0,0) = -^(*£ ;iff + 
Note that by Lemma[3TIl Ric(ft, K) = 2 Ric fc? -z fc z ? , and by (fT72l) . (flTTl) and (R~2l) . 

(4.41) if Ric(ft, = 26 m 6+ Ric fc g = 46 m Ric fc ™ z fc ^. 
Thus by (137T41) , (!4.19bD and (1474TD , we obtain 

-(J&f 1 ^ ± O 43 ^)(0,0) = \^ Kiz rq z x b m Ric fc „ z fc ^)(0, 0) 

(4.42) lb 27r 



727T 2 



(Ric mm RiCgg -|-3 Ric m g RiCg m ). 



From (|47291 )-( R~39D and (147421) . we get 



-7r 2 (if- 1 (0 41 + 42 + 43 + O«)£»)(0 f 0) = - A . -^(i?^- ;u - + 2^.^) 



'il/ji i.y,i'-> i.y hu.ui — — 

15 

+ 7T - —{R/CsquR sJug + 2i? S sgu-f^ U g) 



(4.43) 



15 3 

_ f _ 2 3 J_\,„ , 

I Z ' T n „ I (RqssuRvquv "4" ^RqsvuRsquli) 

ib 4 yuy 

+ ^- (Ric^ Ric g? + Ric^ Ric^) - — (Ric# Ric ? , +3 Ric^ Ric^) 



72 v-- -«-- - ss -«* - ql j ?2 
2 13 19 

^■^«gg;uu + ~^ R ulqq;£u + ~g~~ R ^squ R s 1 u q + R slqu R u U q 

Moreover, (I43TD , (147381) and (147401) yield 

-7r 2 (if- 1 O 45 ^)(0, 0) = - |(iWfe + ZR lk quRuuq) 
(4.44) * 3 

+ -^ R Uqk R kq + g( R f(; q q + H jW " 

Further, (137T5D . (I47l7cl) , (14351) , (14381) and (147401) imply 

- 7r 2 (if- 1 O 46 ^)(0, 0) = il(i^J2 ait _ + 2R slq uR du -) + - Ric fc? Ric^ 

_ 108 9U U ' 54 u 2 9fc * 4 * 9fc 2 " ;9 « - 
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By (f3~8T) . (I3.17bl) . (14T43D - (l4~45l) . we get (l4~28l) . The proof of Lemma l4~4l is completed. 

□ 

4.3. Evaluation of J^O, 0). 

Theorem 4.5. The following identity holds: 

(4.46) ^4,x (0,0) = 6 2 . 
Proof. By Lemmas R~2l l4~4l and (127221) . we have 

2 Ar 7 11 

(4.47) 7T (0, 0) — -|- Fimsqu Fisrnuq ^^slqu^rnrnuq T ^sluu^-rrirnqq 

yo y o 

111 

l J?-^ J? Z?-^ J? l ( 7?-® 7?^ 7? 7?"® 7? 4- ^ 7? ^ 

~r ^ rL uu rL rnmqq Q- n -qu rL mmuq "r g ^■ n - U u- n -gg ■ n -gu rl ug "mm;}} ~r J - n -gm;mgJ • 

Remark[231 Lemmas [37TI [47T1 (f0"79lh (127201) . (147471) and formula ^(0, 0) = 1 entail 

74,^(0, 0) = ^41 (0, 0) + ^41 (0, 0)* + \Y, Rmrnqq + £ 

(4.48) m? 9 



^ R mkqi R km£q ~ ^ (g-Rg*,/ + #fi) (g^fefeg + ^) ~ &2 



367T 2 ' 

The proof of Theorem 14.51 is completed. □ 

5. The first coefficients of the asymptotic expansion 



The lay-out of this section is as follows. In Section 15.11 we explain the expansion 
of the kernel of Berezin-Toeplitz operators and verify its compatibility with Riemann- 
Roch-Hirzebruch Theorem. In Section 15.21 we establish Theorem 10.11 The results from 
Sections 14. 1L 14.21 play an important role here. In Section 15.31 we prove Theorems 10.21 
10.31 i.e., the expansion of the composition of two Berezin-Toeplitz operators. 

We use the notations and assumptions from Introduction and Section [31 

5.1. Expansion of the kernel of Berezin-Toeplitz operators. For U G TX, we have (cf. 
(13721 ) 

(5.D = 2 ( v-J, X)^, v ^ = 2(v^J, rjys;. 

For a = Efcg crkqdzk A d£ q G ^(X, End(E)), by Q24l Lemma 1.4.4], (f0~76l) and (157TD . we 
get 

S B V =( 2 v V ^ + £. £) + 4 ^(vg-J, J)) 3S. 

We evaluate now (15721 at the point x (identified to G K 2n ). By using (I3.29D applied 
for r = 0, 1 associated with the vector bundles E, T^'^X, we get 

(V 1 - *^ = -2^1(0) dzg, (5 fl V), = 2^(0) dz k , 
(5 E *^**U = 4 ^g-(O) + 2 , ^(0) 
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Note that by fl09l) , $3M and ff5T3T) . we have at x , 
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(5.4) 



a; 



dz g A dz q , Ti[R t(1 ' 0)x ] = RiCkqdZk A dz q 



-1 Ric w , 



i? s = R E - q dz k A dz 9> V 1 - *** = -2R^dz q , d**R E = 1Rl m dz k . 



For / £ Bnd(E)), recall that T ftP (x,x') is the smooth kernel of the Berezin- 

Toeplitz operator T/ )P defined according to Q0.4D . Then by (I3.29D , at x , 



(5.5) 



d 2 f 

u J xo 



d 2 f xo 



dz q dzi 



*-(0) = (vVV^/Xxo) - ~[R} V /(xo)], A*/ = -4^§-(0) 



In view of Lemma 13. 11 (10.7D and (15.51) . we introduce the following coefficients: 



d 2 f xo d 2 f XQ 

b C f '■=Rmmqq a _ £1 (0) - % Wa _ ^ (°) 



(5.6) 



and 



32 



dz k dz k 
A E f 



ikkq dz q dz l 

l, Ric u ^d B f-\[R E J]) , 



— frn R s - — _^ -I- - R s _ 

\6 fcfc; " 12 qu ' q ) 4 mu ;' 



1 dz u 



(0) 



' \ Q kk;u 12 

1 / — i n » - / ""q-E' t-)E 1 n - — c\ 1 



— ( V 1 ' /, 2 v /r Td'X + 5V 1 ' * R E ) - — (V 1 ' *^, V 1 ' /) 



)f^(o) + !^(oR B 



4 dz„ 



48 



16 



(5.7) 



+ -^{3*/, d E *R B ) u + -^(2v /r TV 1 '° J Rf - Bd M *R E ,d Is f) , 



16 



48 



5 s * nS a E . 



d 2 f 

u J xo 



16 



2 qq dz k dz k 

1 /_i n^r.E . 1 



(0) 



2 m dz q &z t 



(0) 



R E A E f + (A B /)i?f + i( V 1 W - i[ J R B , /], i? s 



The following result implies Theorem 10.11 

Theorem 5.1. Let f £ End(S)). There exist smooth sections b rJ (x) £ End(E) a 

such that (10321) and (KTT5D froZd and 



(5.8) 



7r 2 b 2i/ = 6 2C /(x ) + \{b 2E + ^(f?*) 2 )/(x ) + ^/(x )(& 2S + ^(i?f) 2 ) 



1 

16 



R E f(x )R E 



(A E ) 2 f + b Cf + 



32 



Before giving the proof, we verify that Theorem 10.11 is compatible with the Riemann- 
Roch-Hirzebruch Theorem. Note that by (I0.1D . the first Chern class Ci(L) of L is rep- 
resented by u. By the Kodaira vanishing Theorem and the Riemann-Roch-Hirzebruch 
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Theorem, we have for p large enough: 

dimH°(X,L p ®E)= f Td(T (1 ' 0) X) ch(E) e pw 



32 



(5.9) 



ik(E) 



to' 



x n\ 



V + 



x 



c^E) H — Ci(A) 



+ 
+ 



f x (rk(E){Td(T^X)}W + l - Cl {X) Cl {E) + {ch(E)}^ 1 ^^ 



As usual, ch(-), ci(-), Td(-) are the Chern character, the first Chern class and the Todd 
class of the corresponding complex vector bundles, {-}' 4 ^ is the degree 4-part of the 
corresponding differential forms. Note that 

„2 



X 



X X 
1 + — + — + 
2 12 



thus {Td(T^X)}W = ±( Cl (X) 2 + c 2 (X)). Let R T(1 '° )x be the curvature of the Chern 
connection on T^X which is the restriction of the Levi-Civita connection in our case. 
Then by Q5.4D , we have the following identities at the cohomology level: 



(5.10) 



{ch(E)}^ 



8tt 2 



Tr[(R B ) 2 ], 



Ci(X) = — Ric w , 

z7T 



{ Td(T (l,0) x) }(4) 



1 ; (Ric w ) 2 + 1 



Tr 



32tt 2V " j 96tt 2 
By Lemma I3TT1 and G5.4D , we have 

(RiC w ) 2 , (jj2 /2) = -(RuuvvRkkqq ~ ^uuqv Rkkvq) > 



(5.11) 



32 
1 

96 



Tr 



t( 1 .°)js:\2 



) i W /2) — fi (^u}t)^ u ^ RuuqvRkkvq^i 



({ch(E)}^,uj 2 /2) = 
^ Ci (X) Ci (E),uj 2 /2 



2tt 2 



Tr 



27T 2 



We set now / = 1 in Theorem 10.11 take the pointwise trace of the expansion (10.12D 
relative to E and then integrate the result over X with respect to the volume form ui n /n\ . 
Taking into account (I0.9D and (I5.10D . (I5.11D . we recover the expansion up to 0'{p n 3 ) 
given in Q5.9D for the Hilbert polynomial. Thus the value of b 2 obtained in Theorem lO.il 
is compatible with the Riemann-Roch-Hirzebruch Theorem. 

5.2. Proof of Theorem 15.11 The first part of Theorem 15.11 follows from Lemma 12.21 
Moreover, by (I2.10D . we have for any r £ N, 

(5-12) M*0) = Q2r,*o(/)(0,0). 

Thus by fl27T2l) . the formula b 0J = /, and by (I27TTD and (I2T2TD . we get 



(5.13) Q 2>xo (f) = jfr{i,f(x )j 2iXO ]+j{r[j 2i3:o ,f(x )] + £ 

|a|=2 



d a f xn/ S Z° 

1 • -e£<°>-Si 
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Further, (PP . (I2TT5D and (f2TT9l) , entail 

jr[l,/(z )J 2iIO ]^ 
jr[j 2 , I0> /(z )]^ = 
From (OP and (l4~13l) . we deduce 



33 



(5.14) 



-/(:ro)^0 2 ^- 1 ^ ± , 



(5.15) E * 

\a\=2 



act r r7a - 



a! 



<9 Q f z a 1 S 2 f \ 



Lemma I3TT1 (ICT , (l4~9l) , (1531) and (l5TT2l) - (f5TT5D yield the formula for from (fOT2l) . 

It remains to compute b 2 j for a self-adjoint section / e ^ ?00 (X, End(-E)) in order to 
complete the proof of Theorem 15. 11 Set 



(5.16) 



2f= E ^ 1 '~a^^~^' j2 ' xo 

\a\=2 1 Un 



By (12TTTT) and ETT) . we get 

Qi,x (f) = ^ l,/(x )J 4 , Xo 



(5.17) 



+ E^ 

|a|=2 

dfx 



2,xq i 



(0)- 
5Z Q v ' a! 



1, 



(0)Zi J 3iXo 



+ J 2iXo , /(X ) J2,x 



^4,x ./(^o) 



+ JT 



J: 



3,xo ' 



■(o)^ 



+ E^ 

|a|=4 



1 a /g °((V)^ 



Since J2? and O r are formally self-adjoint, ([2J7D and (I27T8D show that (J^)* = ^-.zo- 
Hence, in the right hand side of (I5.17D , the first, fourth and sixth terms are adjoints of 
the third, fifth and seventh terms, respectively. When we take / = 1 in (I5.17D , we get 

(5.18) j 4 , S0 = jr[i 

which is also a direct consequence of Q2.19D , (12.20D and (14-laD , as by (fTT8l) . 

(5.19) ^[j 4 ,xo, l]^ = J^f 1 &>^G 2 %! X 3P L 2 & - ^- x ^O^ - ^0 2 ^- 2 2 ^ y 

jr[j2,, , J2,x ] & = % \^o 2 s?o 2 ^ + &o 2 ^- 2 o 2 &. 

Set 



#41 

#42 



Ar J>_ _ _ 

"I - R-rriuqv R-urnvq 



r .HuuqvRmmvq ^uuvv^mmqqj 

y o 



(5.20) 



_ D-S p ^ P^ p _ I 



H vv K qq 



6H qv H vq 



K* — I— *3 R 

mrn;qq ' gm;mg i » 



2/ 



+ 4 (3 fliii + *g) /(*o) (3 Rfkkq + *f ) • 

By (IX22D . (l4~Tcl) , (I4T47D and ([5TT9D , we have 

(5.2i) Jtr[J4,* , l](0,0) = + #42). 



(5.22) 
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By (Ol) and (127191) , we see as in (157191) that 

^[j 2 , X0 J(x )J 2tX0 ]^ = ^- 1 ^ ± O 2 f(x )^O 2 ^- 1 ^> ± 

+&>O 2 £'- 1 f(x )£'- 1 O 2 & > . 

Thus by (I4T81) , (14~9l) and (15T221) . as in Lemma |4~TI we get 

(5.23) Jf[j 2 , xo ,f(xo)J 2 , xo }(0,0) = ^K 2f . 

We next compute the fifth term in (15J71) . From (I27T9D and (15.161) . we get 



34 



(5.24) 



J^2 



2/ 



E 

|a|=2 



L (0)— r ( - ^0 2 ^ - SPO^- 1 . 

OL\\ 



For a degree 2 polynomial we have by Remark EEH (O), (fTTTl) . (R~2D and (I4T81) 

-(^FJzf^Os^XO.O) 



(5.25) 



, d 2 F 
dz u dz v 



487T 



RkmlqZkZi 



b„ /4 



4?r V3 



g)^)(0,0) 



dZ q dZ v 2"7T 



3%*I + tff)^)(°>°) 



2tt2 a^U lkk « + rq >' 



where we have used (I1.6D . (I1.7D and (I4.13D in the last two equalities. 
By fl42D, (EH), (I5T241) and (15T251) . we get 



1 5 2 /, 



1 5 2 /, 



(5.26) jt 2/ (o, o) = ^- 2 i^t(o)(R m ^ + R&) - ^^rSr(O) (-% fc? + *g ) • 



27r 2 dz k dz k 

By Lemma EH 1KB . (IBTTD and (ET261) . we get 



27r 2 dz g dzi 



(5.27) JT 2/ (0, 0) + JT 2/ (0, 0)* = ±(b Cf + b Ef2 ) - ^R^f^Q). 

We compute now the last term in (I5.17D . By Remark [431 (I1.8D and (I4.13D , we have 

1 d*f X0 



(5.28) 



E * 



d a f xa/ s Z a 



(0,0) 



^ (0). 



27r 2 dZidz q dZidz q 



We next turn to the computation of the sixth term in (15.171) . Set 



K. 



3/ 



_ D p 

g kkmm\u g kkmu\m 



dz, 



(0) + ( c ^kkmrniu 



<9z„. 



(0) 



(5.29) 



g fcfc;u 2 * "1 U '1 
1 

Lemma 5.2. The following identity holds with K 3f defined in (I5.29D : 



- F?^- — - R s 

§kk;u 2 u ' 9 ' 9 



(5.30) 



(0,0) + JT 



(0,0) = -K 3f . 
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Proof of Lemma l5i2] Set 
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{1 27T 
-FtkseqymZkZib s b g + — RqskqymZ s Zk 



2tt 1 1 2 B 



27T 
15 



1 c Rksqm;qZkZ s ^Uqm)q g 2 l «gg;m ' g * ^m;ij "* "5? 



2 R. 



;m f^mi 



2^-2 87T 
(5.31b) : = — RklCq-snZkZiZ S Z q Z m + — RklqmfiZkZ s Z 7 



— P E - - - 



Then by Lemma IBTTl A4.2D , we have 

4tt 2 



f 47T 27T 

^1 (6, Z)0 d {Z, 0) = <— ^-i?fcs£g;m'Zfc^2 s Z ? + — Rqskq-jnZ s Z k 



(5.32) 



2tt 1 1 

Rkq&;m.ZlZ q + ^^tikl-jri ~ ^Rksqm;q 



— Fl E - — 



2tt 
15' 



Rksqm\qZkZ s o . 



Uqm;q 



2 2 s 

g -""«gg;m g qrnfi 



Z k • 27TZ S 

2i?f^}z m ^(^,0) 



Observe that the commutation relations (I1.7D imply that 



Rkseq-snZkZib s b q b m — bsbgbmRksiqymZkZi + b s b m (8R q skqym + 4i?fcsgm;g)'Zfc 



By (fTTTl) . (E2D and (!5.31bD . we have 

B^Z)^, 0) = ~{ (J^Rkllq;rnZkZtb q + ^R klqW;q Z k + ^R^-Z^b s b m 

i}^(S,0) 



(5.33) 



1 ( b s b q b m (1 1 1 s 

2q Rks€q;rnZkZ(, T b s O m \—Rqskq;m ~\~ ^Rksqrn^q ~\~ ^ Rksym )Zk 



^~b m I Rssaa:m ~l~ R 



15 



ssqq\m 1 -"-ssgmig 



^f^ + ^;g)}^(^.0). 



Note that by Theorem O and (l4~2l) . we have (^- L z u ^ 2> )(^, 0) = (^z u ^)(Z,0) = 0. 
Taking into account that ^(0, 0) = 1 and relations (fL8l) . (I27T3T) and (f2TT9l) , we get 



(5.34) 



^0.^(0)^1(0,0) = -(J2r 1 ^ x o 3 ^^(o)*^)(o,o) 



(^0 3 if 1 ^ ± ^(0)2 U! ^)(0, 0). 



11 2 \ 

Reqkl;ZZ£Z q + ~-R«fc5;2 + ~ (-Rfgfcsjg-^ — -Rgmfesig^m) — ~ Rkl;Z ) 
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By RemarkQ (^O3^f _1 z u ^)(0, 0) is the adjoint of (^z u if- 1 ^ ± O 3 ^)(0, 0), thus we 
will compute only the latter. By Lemma [370 (01) . (|3.17aD and (l4~3l) . we get as in (14741) . 

1 27T 

C 3 = -Rkizq-zZkZib s b q + —R q ikq-zz s z k + c s (b, b + , Z)b+ 
(5 ' 35) 2^ 2, 

+ — {Rks£q;qZt ~ Rksqm ; qZ m )ZkZ s — -\R m ^ q Zk + Ruqmiq Z m) 

2 2 / i )T?i t~)E \ jE 

~ 3 tlqq;Z ~ ~^\R>cq;q Z k ~ Rqm\q Z mj ~ ^Rqq;Z> 

and c s (b, b + , Z) are polynomials in b, b + , Z, whose precise formula will not be used, and 
RkqCs-,z, Rki-,z are defined by replacing ^- by Z in (I3.6D . 

From Lemma I3TT1 Q1.7D , (!5.31aP and (I5.35D we deduce that the only term in C 3 not 
containing b + and having total degree in b, z bigger than its degree in z, is Bi(b, Z). Now, 
Theorem Ol Remark l4~3l ([TT61) . (flTTl) , (fBT32l) . ff5733T) and (f5T35l) imply 

-(^z^-^Os^XO, 0) = -(^z^- 1 ^^!^, ^)^)(0, 0) 

(5.36) = " {^ Z ^2 (^ R ^ + ^™ " \^kfni + ^g) ^) (°. 0) 
f J_ D id IpS i nB 

_ 27r 2 V15 3 ;u 9 u ;9 

By Remark 031 (flTBT) . (fTTTD and (f5T35l . we also have 

-(^-^Os^^XO.O) = -(^-^^(fc, £)z u ^)(0,0) 

/'no p 7"\ 

= -{j?- 1 ^ [z u B,(b, Z) - 2^S 1 (6, £)] <?}(0, 0). 

LemmaES (l4~17c1) . (l4~T7l . (14T331) . (f53lbl) and (f5T32l) yield 

-(jSf- 1 I ^ ± z UJ B 1 (fc, Z)&>){0, 0) = -(^ , - 1 ^ ± z u i3 1 (^)^)(0, 0) 

11 2/ \ 3 /16 4 E 4 _ 

_ 247T 2 ' 5 \ ssmu;m 2Rssqq;u) + g^_ 2 ' 1 -^cj SS 9 U ;? 3 "ss;u + g "mu;m 

(5.38) ~ * 1 



67T 

— o ( ~^Rssmu;m ~\~ TT-ii-ssggiu "I" ~7,Rm 

Moreover, by (!5.31aD . 



■^«gu;g + ^«gg;u ^g^;g + ^-R^j 



^) — - RksiuymZkZibsZ., 



(5.39) abu 3 



/27T _ 1 1 2 jj \ 

~~ ( r^rRkqtuymZeZg + --R^fcu-^ — -Rkuqm^ ~ ~^Rkuym J Z kZ 7 

Lemma EH (SJ), (l4J7cD . d4J7fl) and ([BT39D yield 



(J2?- 1 ^- L (i-fl,(6 l Z))^)(0 > 0) 



>S6 

3 8 1 /l 1 2 

(5.40) — 87T 2 ' T5 ' ^ Tn "'"'' 47^2 I g Rrnqqujm ^Rrriuqm^q g 

2 „ 1 



d -Dta 

57r 2 ■ n -"m«;m g7r 2 n «;>» 
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(5.41) - tt 2 (^- 1 ^ >± O 3 ^ > z u ^ > ){0, 0) = -R 

Combining (15341) , (15T361) with ([5T4TD , we get 

dfx 



„ - -ssmu:m ~^ r Fissqq:u . „ 

6 5 3 



7T 2 JT 



(5.42) 



Since JT 



(5.43) 



J. 



3, £o ' 



a^ 



-(o)£„ 



(0, 0) — y ^Rssmu\m ~\~ ^Rssqq\u ~\~ j^mu;? 



dfx 
dz u 



(0) 



+ 



30 



-R 



1 

2" 



p I _ dS 

ssqq;u „ - rl -5sug;g T „ XX 



R 



E 



\ df X0 



6 ss;u 2 u?; v az 



(o). 



1 ' ^f(°)^«^3,xo 



is the adjoint of 



, Lemma [3TT1 yield 

1> -j^r-{®) Z uJz,x (0, 0) = -^p-(O) ^-i? S 5 U m;m + -x? s j g g ;u + -i?f H;n 



a/xo 



az,. 



Finally, ff5~42l) and (ET43D deliver (15T30D . The proof of Lemma Q is completed. □ 

We continue with the proof of Theorem 15.11 We'll write now the formulas in terms of 
connections. For / e ^(X, End(-E)), we obtain by (127TD (as in (13T321 ) the following 
formula in normal coordinates: 

(5.44) (A E f)(Z) = -g^(V E V E - T^VfJf, V E f = df+ [T E (.), /]. 

Bv (l33TD . 



(5.45) 



+ \R E ei {K, c<) + - (2xxf (2jei) (^, e t ) + - (R TX (n, e t )e t) e fc ) e fc )) 
+ 0(\Z\ 3 ). 

a 2 

Note that by flMD, ^^ z , e o(^' e = 2i? fow>)( em ' e *) = °- Thus from ®3D' 
(15.45D , and taking into account that R E (e m , e;) is anti-symmetric in m, and Ric(e m , e;) 
is symmetric in m, i, we infer 



/ a 2 



a 4 /x 



(5-46) ^ v S v;/j(0) = ^(0) + 2 



^(e m ,e t ), 



a 2 /, 
a^a^ 



(o) 



i 

+ 2 



R E (e m ,e l ), 



16- 



a 4 /x 



dz l dz q dz l dz q 



i? B (e m ,e,),/(a;o) 



^(^.eO.^CO) 



8 

+ 3 



l ^mq;m> ^ V U J 
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a 2 



(rivf f)(o) 



(5.47) 



■ ^4Ric ;em (e mi e/) - 2 Ric ;e<j (e g , e^) + Ric. e/ (e m , e m )j ^Jr(O) 



d 2 f 

o„ »^ W 



32 ^ 

Rir 

3 m < 
4 
3 



( ( Ric^- + Ric m - ;Z ) (0) + ( Ric^ ;m + Ric m ^ ; , ) (0)) • 
Formulas ([373]), (I3723D . (1373TD . (15751) and (1BT4^ - (157471 ) yield 

/ a 2 



((A B ) 2 /)(x ) = -(^A s /)(0) 



H Ric( ei) e,)(VW /)(0) + ( (°) " ^( r LV^/)(0) 



(5.48) 



3 
16 

+ 



1/0 (0)-— Ric„ J ° 



d 2 



dZl 



dz t dz q dz t &Zq 



'ml 



(0)-4[i2£,[i2S I /(»o)]] 



E 

mq;m i 



8Z n 



(0) 



qm]m ' <9z„ k ; 



( ( Ri<W - + Ric m -. 2 ) Jfi (0) + ( Ric^ ;m + Ric m ^ ; , ) (0)) . 

By Lemma [572J the discussion after (157171) . formulas (IHTTTl) . (T5T2TT) . ff5T23l) . (15T271) and 
Cf5728l) . we have 

7r 2 Q 4 , x O (/)(0, 0) = 2K A1 f{x ) + K 42 f(x ) + f(x )K 42 + K 2f + K 3f 
(5.49) . . 1 



+ b Cf + b 



Cf -r u E f 2 



d 2 fx 1 <9 4 /x 



2 dz l dz q dz l dz q 



Note that , , f(x )]\ = R^fM - 2R^f{x Q )R% + f(x )R^Rg , so by ([378]), 
(157T2D . ([5T48T) and (f5~49l) , we get (15751) . The proof of Theorem O is completed. 

5.3. Composition of Berezin-Toeplitz operators: proofs of Theorems 10.21 10.31 

Proof of Theorem 10.21 By Lemma [2721 we deduce as in the proof of Lemma [2721 that for 
Z, Z' e T X0 X, \Z\, \Z'\ < e/4, we have (cf. (271 (4.79)], [24, (7.4.6)]) 

(5.50) p-^oW,^) = Y,(Qr, X0 (f,9)^ )(VpZ, VPZ')P-* + 0(p- k -¥), 



r=0 



where 
(5.51) 



Qr,M9)= £ ^r I) .o(/).^,xo(5)]eBnd(5)*o[^^. 

r\+r<2—r 



is a polynomial in Z, Z 1 with the same parity as r. 
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The existence of the expansion (10.15D and the expression of b j i9 follow from (I2.12D . 
(1530b and (153Tb : we get also 

(5-52) b rtftg (x ) = Q 2r>xo (f,g){0,0). 

By (153Tb . 

(5.53) Q 2>X0 (f, 9) = ^[/(*o), Q2, xo (g)] + ^[Qi, xo (f), Qi,M] + ^[Q2,x (/), g{x )]. 
Formulas (fL8b . (f5TT3l - (l5TT4b yield 

^[Q2,x (/),P(Xo)]^ = (g 2 ,, o (/)^)^(«0) 



(5.54) 



\a\=2 OZl 



^[/(*o),Q2,.oC»)]^ = /(*o)^(Q 2 ,*o(<7)^) 



led =2 



Using (1091) , (I4T8D , (g^b, B , (153b and (1534b , we obtain 
^[Q2,* (/)><?(zo)](0,0) = 



(5.55) 



^(A B /)(x ) + ^6 1 /)(x )) p(»o), 

JT[fM, Q 2 , xo (g)](o, o) =/(x ) (-^(A^)(x ) + ^{gthXxo) 



By JTBb . (I2TTT1) and (IZ21D . we have (cf. [24, (7.4.14)]), 



(5.56) 



Q lia , (/)(Z,Z') = JT 



dZ, 



Thus from (l4J3b . (1535b . we get as in BM (7.4.15)] (cf.also flM (7.1.11)]), 
(5.57) 



^[Qmo(/)>Qmo(s)](o,o) = ^I^(o)^(o). 



Now, (15321) . (15331) . (15351) and (15371) imply the formula for b 1J>g given in (lOTTBl) . 

We prove next G0.17D . It suffices to consider /, g e ^ , °°(X, IR), which we henceforth 
assume. By (I2.9D , we have Q r , a , (l) = J r%XQ . Hence, taking / = 1 in (I5.51D . we get 

(5.58) Q A , x (g) = JtT[l, Qi, x {g)] + W\J 2%X , Q 2fX {g)] + ^3,*, Qi,M] + g(x)Jt[J iiX , 1]. 
Taking g = 1 in (15.51D yields 

(5.59) Q 4iX {f) = f{x)J^[l, J iiX ] + J^[Q liX {f), J 3iX ] + J(r[Q 2)X {f), J 2iX ] + J(T[Q, >x {f),l]. 
By (12712b and (153Tb . we get 

Q4,x (/, P) = ^[/(X ), Q 4 ,X (P)] + ^[<3l,xo(/)> Q3,*o(P)] 



(5.60) 



+ ^[Q 2 ,x (/), Q2,x (^)] + ^[Q 3 ,x (/), Ql,xo(^)] + ^[Q 4 ,* (/), <7(Zo)]. 
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Set 



dZ a 



J: 



2, xq > 



dg XQ 
dZ a 



(o)z q 



(5.61) 



^ d a g xn/ s Z a 

a =3 



1 V f^(o)— 

a \—2 



|a|=2 



5Z Q v y a! 



Note that by (I2TT3D and JZTT9D , we have 

(5.62) J 3i;co = JjjjBo] + Jf[J3,x , !]• 
and (I27TTT) . (I2T2TD together with (15.621) imply 

(5.63) Q 3 , xo (g) = g(xo)Jz, xo + Q 3 ,* (<?)- 
Since g e ^°°(X,R), (15331) entails 



(5.64) 



QWs) = s(zo)J 2 ,* + ^[i, E ff?(o)ff 

\a\=2 " ' 



By Remark [431 (f5J8l) . (15381) - B , we get 

Qi,x (f,g) =fMQ ilX0 {g) + g(x )Q ilXO (f) - f{x )g(x )J iiXo 
(5 " 65) + ^[Qi,x (/), 5a,-oCff)] + ^fex (/), Qm (p)] + / 4 ,/, 5 . 

By (|4~T3D and (15TT5D . we get 
(J 4i/ , s ^)(0,0) 



(5.66) 



i aVxo (0)^(0) + ^ ( o)^%(o)). 



7r 2 \2dz z dz q dz l dz q 



dz q dz q dz l dz l 



By Remark[231 Qi, xo (f), Q^M are self-adjoint for f,g<E tf°°(X, R), thus by (15331) . 

(5.67) ^[g3,xo(/),Ql,xo(^)]=^[(3l,xo(^) ) Q3,xo(/)]*- 

Thus we only need to compute the fourth term in (15.651) . 

An examination of (I4.4D shows that in each term of the sum giving 2 , the total degree 
in b + ,z equals the total degree in b,z. Hence Remark 1431 (OP . (127T91) , (1431) . (14T91) , 
(14331) . (15351) and (15351) yield 



Ql,x (/)> ^ 



^(0,0) 



(5.68) 



^^: (0) ^^r (0)z ^-) (0 ' 0) 
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Using (I2J9D , and the formula 0) = (&Zi&)(Z, 0) = (cf. (fT6M . we get 



(5.69) 



OT 2 ,* > ^{O)Z 9 ]0)[Z, 0) = (J^f^O)^)^, 0) 
= (-^ ? - 1 O 2 ^^(0)z ? ^- ^O 2 ^ , - 1 ^ ± ^(0)z 9 ^)(^,0). 



"3 

By Remark g/J (flTTl) . (fTTSl) . (15.56D and (15.691) , we obtain as in (15.681) 

dg xo 



Ql,x (/)i ^ 



2, xo ' 



(5.70) 



d£ 



^(0,0) 
^1(0,0) 



since by (fL6l and (147TT1) we have (^ > z u 6 a z^^)(^, 0) = for |a| ^ 1. 

Note that for homogeneous degree 3 polynomials if in the analogue of formula 
(147T21) holds for (H3*)(Z,0). Using this analogue together with (fL6l) and (HTTTD we 
obtain 



(5.71) 



0) = ( E 



, . „ dz a a.\ 7r dz a dz,dz, 

\a\=3 q 1 2 



&>{Z,0). 



Finally, (flTBl . (I4TT3T) . (15361) . (IBTTTD and the equality ^(0, 0) = 1 imply 



(5.72) 



Qmo(/),^[i, E (°'°) 



|«|=3 



a! 



1 ^o/M 



7r 2 <9z u dz u dZidz 



By Lemma [370 ff3723l) . (137251 and ([57441) for S = C, we get 
(5.73) 



£(^)(o) = -4^b:(o) + |Ric 5 ^(o). 



az 



'dz q dz l dz l 



dz t 



Lemma 15711 (1576T1) and (157681) - ([57731) entail 
^[Qi,. (/),Q3,*o(<7)](0,0) 



(5.74) 



az u dz u dz t dz t 



2 <9z„ 



(0)^(0) + i?f ? ) - - i? w 



4 

3 



1 « 



1 « 



1 « 



-(a/, 5Ap) + - (a/, a P )(i? s ^ + j?f 5 ) - - (a/ a a 5) h 



From (I5.67D and (I5.74D , we have 

7r 2 ^[g 3 ,x (/),gi,xo(p)](0,0) 



(5.75) 



■{dAf, dg) + -(df, dg)(R slq - q + B*) — -z{df A a<7, i? 



g\ fi^/.^x-ij/v gg/ g 

By (10791) , (fBTBD . (157651) . (157661) . (157741) and (157751) . we get dOTTTD . The proof of Theorem 
[0721 is completed. □ 

Proof of Theorem 10.31 The existence of the expansion (10.18D and formula C (/, p) = fg 
were established in [27, Th. 1.1] (cf. also [24, Th. 7.4.1]) in general symplectic settings. 
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By (107181) . (l27T0l) . (157121) . (157501) and (15321) . we obtain (cf. also flM (7.4.9)]), 
(5.76) dC/.ff) = (Q 2 M>9) ~ Q 2 ,,(/5))(0,0) = bi. /lfl - 

Hence (10751) . (10131) . (lOTBl and (f5T76l) yield the formula for Ci(f,g) given in (fO20l) . 
Moreover, (157151) . (157121) and (15321) imply the formula for C 2 {f, g) from (10201) . 

We will prove (I0.21D now. Let {e t } be an orthonormal frame of (TX,g TX ), and {i^} 
be an orthonormal frame of T^'^X. Let □ = d*d + dd* be the Kodaira Laplacian on 
A(T*X) ® R C, and let A be the Bochner Laplacian on A(T*X) ® M C associated with 
the connection V A ( T * X ) on A(T*X) induced by V TX (cf. (l03D ). Let i?A(T*a.°)x) be the 
curvature of the holomorphic Hermitian connection on A(T*( 1,0 ).X"). By Lichnerowicz 
formula [[241 Remark 1.4.8], and A5.4D , we have 

R HT^X) = _ {R TX WhWk)w l Alwk) 

(5 " 77) 2D = A — R A ^ (mx \w q ,w q ) + (2J? A ( T * (1,0) *) + Ric)(^, tZ7 fc )W fc A t* r 

Since (X, w, J) is Kahler, □ commutes with the operators d,d,d (cf. [1241 Cor. 1.4.13]), 
and (157771) shows that 2D/ = A/ for any / e <af°°(X). From Lemma 13711 (15741) and 
(157771) . we have for any / e 

A0/=dA/-Ric(-, «/*)«/*(/). 

(5.78) A0/=3A/-Ric(-, «/*)«/*(/), 

Ad/=dA/-Ric(.,e i )e i (/). 

Thus (lOBD . (157781) yield for any ^°°(X): 
A(fg)=gAf + fAg-2{df,dg), 

(5.79) A(a/, ap) = (Aa/, a P ) + (a/, Adg) - 2<v T * x a/, v TtJf a P ) 

= (dAf,dg) + (a/,aAp) - 2(V T * x a/, V T * x dg) - 2Ric(w m> w q )w m (g)w q (f). 

Using (1031) . (157781) and (157791) . we infer 

g A 2 (/s) =/A 2 <? + ^A 2 / + 2(A/)A<7 - 4<dA/, d 5 ) - 4<d/, dA<?) 

+ 4(V T * x df, V T **d<?) + 4Ric( ei) e,) e^e^f). 

We examine now closely the expression of / K 2 C 2 (f,g) given by (10.20D . Using (10.141) . 
(10.171) . (10.20D . we see that the term of differential order in /, g from the expression of 
7r 2 C 2 (/, g) is zero, and the term of total differential order 2 in /, g, disregarding the term 
involving R E , in ir 2 C 2 (f, g) is 

(5.8i) c 22 = ^5 (mc, -/aa<? - <?aa7 + aa(/<?)) . 

The term of total differential order 4 in /, g in the expression of 7r 2 C 2 (/, g) is 

C 24 =^/A 2 p + ±-gA 2 f - l(df, dAg) - \(dAf, dg) + ^(Af)Ag 

rn on\ 3£ o o ID 

( 8 J 1 - 1 1 - 

+ -(D^df, D^dg) - ^A 2 (f9) ~ g A(a/, dg). 
By (157791) . (157801) . (157821) and by the formula {D^df, D^dg) = {D^df, D^dg), we get 



(5.83) c 24 = ■^(D 1 '°df, D^dg) + ^ (Ric U| df A dg — dg A df 
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Finally, by inspecting (10.141) , (10.17D , (I0.20D . we see that the term involving R E in the 
expression of 7r 2 C 2 (/, g) is 



(5.84) 



8 



fAg - gAf + A(fg) )R* + -(gddf + fddg - dd(fg), R 



E\ 



+ 



{df,dg)R*--{df Adg,R B ) u + 



(df, dg)Rt 



Combining (I578TT) . (T5T83T) and ([5T84D . we get (I02TT) . The proof of Theorem Q is com- 
pleted. □ 

6. Donaldson's Q-operator 

In this section we study the asymptotics of the sequence of operators introduced by 
Donaldson [flOll . We suppose henceforth that E = C. Set Vol(X, dv x ) '■= J x dv x . Follow- 
ing §4], set 

(6.1) K p (x,x') := \P p {x,x')\ 2 hf ^ hLr , R p := (dim H°(X, L p ))/Vol(X, dv x ). 
Let K p , Q Kp be the integral operators associated to K p , defined for / £ ^"^(X) by 

(6.2) (K p f)(x):= f K p (x,y)f(y)dv x (y), Q K (f) = ±- Kp f. 

J x ft p 

Recall that, just as the Bergman kernel appears when comparing a Kahler metric u to its 
algebraic approximations u p (i.e. pull-backs of the Fubini-Study metrics by the Kodaira 
embeddings), the operators Q Kp appear when one relates infinitesimal deformations of 
the metric u to the corresponding deformations of the approximations u p . The asymp- 
totics of the operator K p were obtained in I12TI Th. 26]0 and used in lfT6ll . The following 
result refines ILTR Th. 26] and is applied in the recent paper IPT71I . 

Theorem 6.1. For every m £ N, there exists C > such that for any f £ ^(X), p £ N*, 



(6.3) 



— K pf ~ f 

p n PJ 



8irp 



(-rf + 2Af) 



Proof. By (IZ9D with Z = 0, (I2J31) . (I2J9D and (I2T2TD . we get 



(6.4) 

with 
(6.5) 



— ic PiXO (o, z')^(z') - (i + E^ 2 j;(o, v^'))^ 12 '' 2 ) 



^ Cp -(*+D/2 (1 + |^'|)^exp(-C 0v ^|^|) + ^(p-~), 



J' 2 {0,Z') = (J 2 + J 2 )(0,Z'). 



2 Note that in the present context [21, Th. 26] should be modified as follows: linip-xx, Qk f 
^ggL.„/in»-(JC),or 



_VoiM_ 

Q ^ /_ Vol{X,dv x ) vf 



^ Cp 12 |/|<jfm+l(Jf) 0r CP 1 l/l<g»m+2(X) ' 



since the right hand side of the second equation of H21I (33)] and H211 (34)] should read as convergence 
in ^ m (X) without the speed, or Cp~ 1/2 \f\^ m +ir X ) or C P 1 \f\v m + 3 (xy 
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Now we have the analogue of II2T1 (32)], 

p~ n K p f-p n [ (l + X>- r/ V P (0, VpZ>))e-^ z '?f X0 (Z>)dv T « oX (Z') 

< Co-( fc+1 '/ 2 I fl 

*5 ^.F \J Vtgm^x) ■ 

But as in the proof of El Th .2.29 (2)], we get 



(6.6) 



(6.7) 

Moreover 
(6.8) 



jT f J'MVpZ')e-^f x SZ')dv TxoX {Z^ 

J\Z'\<e 



V e 



-7rp]Z'l : 



/ ffi0 (£')<**, V (S') - /(so) + 4^( A /)M 



^ Cp 3 ^ 2 |/|<g"m+3pf) ° r 2 |/|^ m + 4 fJf1 • 



Finally, by (I4T9D (cf. also Q24l (4.1.110)]), we have 
(6.9) 
Thus 
(6.10) 



' JafO.Z'JI^I 2 (0,Z')dZ'= / ^(0,^ / )^(^ / ,0)^(^ / ,0)d^ / 
= (&>J 2 &>){0 t 0) = -{&O 2 3?- 1 & x ){0,0) = — r. 

167T 



P " L r a (o, v^ne-^'^oC^vtin - (£/)(*«>) 



Or Cp 1 |/Lm+2 



(X) • 



The proof of Theorem 16. II is completed. 



□ 
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